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INTRODUCTION 


Quantum mechanics iS known to raise profound problems in the spectral 
theory of self-adjoint operators in Hilbert Space. In particular, interesting 
mathematical problems associated with the perturbation theory of conti- 
nuous Spectra arise in the quantum theory of scattering. 

Let us have a closer look at this Situation. The energy operator of N 
particles is represented by a differential operator in the space of functions 
of the coordinates of all ahs 


A, =— m+ S 0,5 (x,— (0.1) 
aoe “SF 


where x, is the radius vector of the f-th particle, V? the Laplace operator 
for this particle, and m,; its mass, The functions v,,;(x,;—x,) represent the 
interaction between the i-th and the j-th particles. In scattering theory 
these functions fall off to zero as the inter-particle distance increases, 

The differential operator Hy gives rise to a self-adjoint operator in the 
Hilbert space of square-integrable functions of the variables x,, ..., xy. The 
first term of (0.1) corresponds to an operator with a purely continuous spec - 
trum. It is reasonable to investigate how far is this continuous spectrum 
modified by the second term. 

Specifically, it is an interesting mathematical problem to determine a 
complete set of eigenfunctions of Hy, and prove that an arbitrary function 
can be expanded in them. Scattering theory not only poses the problem, but 
also suggests its solution: the so-called stationary solutions of the scatter- 
ing problem are a natural choice for the set of such eigenfunctions. 

In the stationary formulation of the scattering problem it is required to 
find the solutions of the time-independent Schrédinger equation 


Hy Y(X,, ..., Xy)= Eb (x,, ..., Xp), (0.2) 


which satisfy certain asymptotic conditions at infinity in configuration space. 
It should be emphasized that these conditions have been rigorously formula- 
ted only for a two-body system. In this case it is required to find for the 
Schrédinger equation 


hy (x, y= — V4 (x, + 0(x) (x, N= Ge Hx, B, 
solutions of the form 
p(x, k)=exp {i(k, x)}+ w(x, k), 


where k is a vector which in some way Specifies the relative momentum of 
the particles, and w(x, k) is the scattered wave, which satisfies the radia- 
tion condition for |x|~> © 


w(x, k)=O(75): (Sar —i|k|) w(x, k)=0(727) 


or, more accurately, behaves asymptotically for |x!+~o as 


w(x, ky=f(n, ky PM Eel ol 2); n=. 
This problem was Studied in detail by A. Ya. Povzner /1,2/, who proved 
the existence of solutions (x, k) under certain conditions imposed on the 
potential u(x), and showed that these functions constitute together with the 
eigenfunctions of the discrete spectrum of the operator h a complete sys- 
tem, which allows the expansion of any function in a generalized Fourier 
integral. Important refinements of Povzner's results were givenby Kato /3/ 
and Ikebe /4/. 

The stationary Scattering problem has not been completely formulated 
for systems of three or more bodies. This is due to the basic difference 
between such systems and the two-body system. In the latter both particles 
move freely before and after collision, which can only alter their courses. 
Conservation of energy precludes the formation of a bound state. This 
restriction disappears in the case of three bodies, since the energy released 
upon formation of a bound pair may be imparted to the third body. This ob- 
viously refers also to systems of four, five and more bodies, out of which 
two or more may become associated in a bound State. 

The stationary scattering theory stipulates the existence of a solution of 
the Schrédinger equation for each of the above possibilities. Therefore, 
where in the two-body case we have ''as many" solutions as there are plane 
waves, i.e., eigenfunctions of the unperturbed energy operator, in the case 
of three or more bodies there should be, generally speaking, ''more" solu- 
tions then plane waves, or eigenfunctions of any operator obtained from the 
energy Operator by deleting some of the interaction terms. In other words, 
in the two-body case the perturbation does not change the continuous charac - 
ter of the energy Spectrum, while in the case of three or more bodies it adds 
new branches to the continuous spectrum of the unperturbed operator. It 
is obviously a very tedious and difficult problem to write down all the pos- 
sible asymptotic forms of solutions of equation (0.2) for N>2. 

This problem is fortunately not really crucial, since the described pro- 
cedure for assembling a complete set of eigenfunctions of the continuous 
Spectrum is not unique. The set of solutions ¢(x, k) in the case N=2, for 
example, may be obtained as follows. Consider the resolvent of the opera- 


tor h, 
r(z)=(h— ze)", 


where e is the unit operator, and z a complex number with Imz40. A.Ya. 
Povzner [loc. cit.] has shown that r(z) is an integral operator with a kernel 
r(x, y; z) which is continuous in x and y for xy, and absolutely integrable 
with respect to y for Imz0. Italsofollows from Povzner's results that 


b(x, k)=lim —ie[r(x, y, 3+ ie)erp (i(k, y)) dy. 
t>+0 


Thus, we may obtain the eigenfunctions by a Suitable limiting transition 
from the complex plane to the real axis in the kernel of the resolvent of the 
energy operator. This procedure is closely connected with the time-de- 
penden: formulation of the scattering problem, in which it is required to find 


for the Schrédinger equation 
. 0 
ES P(X, «+0 Xv = Hyd (%,, ---, 2m, 4), 


solutions satisfying a certain asymptotic condition for t>—o. 

We shall not go here into the details of the time-dependent Scattering 
problem, but only remark that it is in principle not difficult to formulate it 
for systems consisting of any number of particles. This furnishes a natural 
procedure for the derivation of a complete set of eigenfunctions of the con- 
tinuous spectrum for the given energy operator. In order to carry out and 
justify this procedure we clearly must first make a detailed Study of the 
behavior of the kernel of the energy operator's resolvent in the neighbor- 
hood of the real axis. 

This tract is devoted to the investigation of the energy operator fora 
system of three pairwise-interacting particles, i.e., the simplest system 
in which the perturbation caused by the interaction alters the character of 
the cuntinuous Spectrum, The main part of the book deals with the investi- 
gation of the behavior of the resolvent of the energy operator. The obtained 
results are used to prove the theorem on expansion in eigenfunctions of this 
operator, to establish the time-dependent formulation of the scattering 
problem for our three-body system, and to construct the corresponding uni- 
tary Scattering operator. We start with an investigation of the energy 
operator for a two-body system, even though it iS quite well known, becauSe 
this Simpler case Serves aS an illustration of almost all our methods, and 
becauSe we Shall require for the study of the three-body energy operator 
certain properties of the two-body operator which have not yet been investi- 
gated. 

Unlike the authors cited above, we shall investigate the energy operators 
in the momentum representation; the unperturbed operators then become 
operators of multiplication by a function, and the perturbation is represented 
by integral operators. The momentum representation treatment of the 
two-body case leads to Somewhat greater analytical difficulties than the con- 
figuration representation. These difficulties are concerned with the appear- 
ance of Singular integrals, the operations with which demand some practice. 
The author believes, however, that the momentum representation consider- 
ably Simplifies the study of the energy operator for a three-body system, 
as the following argument shows. The Singularities of the resolvent which 
appear in the configuration representation when approaching the real axis 
are due to the too-slow decrease of the kernel at infinity. In the three-body 
case the kernel of the resolvent may be expected to display a very compli- 
cated asymptotic behavior; in particular, it may oScillate in certain direc- 
tions in configuration space and fall off in others. In contrast, the Singula- 
rities of the resolvent in momentum representation are poles, and hence 
eaSily manageable. 

The book consists of eleven sections and four appendices. In §1 the 
operators in queStion are rigorously defined in Hilbert space, i.e. , their 
domain of definition iS Specified and their self-adjointness proved. Here are 
also formulated the basic conditions imposed on the potentials which in the 
rest of the book are tacitly assumed to be fulfilled. §§2 and 4, and §§3, 5, 
6,7, respectively, deal with the resolvents of energy operators for two and 
three bodies; the resolvents are expressed in terms of integral operators, 
and integral equations are Set up and investigated in order to derive 


estimates for the kernels and examine their Singularities in the variable z 
near the real axis. The obtained results are applied in §§ 8 and 9 to the 
proof of eigenfunction expansion theorems, and in §§10 and 11 to the time- 
dependent formulation of the Scattering problem and the construction of the 
Scattering operator. Appendix I gives the derivation of Some properties 
of functions which satisfy the Hélder condition, and of Singular integrals 
containing these functions. Appendices II and III give proofs of estimates 
of some integrals applied in the text. Appendix IV contains remarks and 
references to the literature which are not mentioned in the main text. 
Throughout, the term ‘variable’ and the letters x, k, p, g with or without 
indices denote vectors in three-dimenSional Space. In order to distinguish 
these from other variables, they are occaSionally called three-dimensional 
variables. The symbol! (k, p) deSignates the Scalar product of the vectors k 
and p;k?=(k, k), |k|=(k)"; dk and d2, denote the volume element, and the 
surface element of the unit sphere, specified by the vectorsk and Tae The 


symbol | is not an indefinite integral but indicates integration over the en- 


tire domain of the integration variables. The letter x denotes vectors in 
configuration Space, and k, p, g in momentum Space. 

The transition from configuration to momentum representation is effected 
by means of the Fourier transformation 


f (k) =| f(x) exp (i(k, x)} dx. 


When an estimate iS uniform in all the arguments of the functions involved, 
the constants which appear in it are denoted by C. 

The author wishes to thank F. A. Berezin, M.Sh. Birman, V.S. Buslaev 
and O. A. Ladyzhenskaya for valuable discussions of various problems in the 
course of this work. 


§ 1. The operators h and Hf 


In this section the energy operators in momentum representation for two- 
and three-body systemS are introduced, formal expressions derived for 
them, their domains of definition given in the corresponding Hilbert space, 
and their self-adjointness proved. 

We Start with the energy operators in configuration representation, de- 
fined as differential operators acting on functions of the appropriate num- 
ber of variables 

1 


1 Pe 
HY (x, x,)=|—z- VI 2mo Va + G1 (x,— x, (X,, %q): 


1 1 eee 
Hy (x,, %2, x,)=|— Im, es 2m, ‘= 2m V3 + Ogg (X_— Xg) 


+ U5, (x3 — X,)-+ G12 (*) — x,) } (X,, X_, X5). 


Here m,, mz, m3 are the particle masses, V; 1s the Laplace operator for the 
variable x,, and the functions @3(x), G(x), 0).(x)represent the two-body inter- 
actions, 

The passage to momentum representation iS accomplished by applying a 
Fourier transformation. The differentiation operators are thereby trans- 
formed into operators of multiplication by the corresponding variable, and 


the operators of multiplication by a function — into integral operators, so 
that H, and H, assume the form 


1 1 
HLS (A,, k,) = oon ki ng 2Qmy ke} Tk; k,) + VS (Ki, k,); 


1 1 1 
H,/ (k,, k., k;) = lon ki Ding ko m3 ral t(k,, k., k,)+ 
+ (Vo5 + Va, + Vie) f(A, Ke, &s), 


where V3, V3, Vig are integral operators acting each only on the variables 
k, and k,, kj and k,, and k, andk,, respectively; thus 


k,—k, —k, +k, ae ee 
Vif (ky, Key) =v, a) 3 (k, +k, — ki — ky) f (ki, ki) dk dk, 


The operators H, and H, written in this way contain an inessential term 
describing the kinetic energy of the center of mass, It iS convenient to 
remove this term, i.e., to investigate the energy operator in the center- 
of-mass system. 

This is done in the two-body case by passing from the variables kk, to 
the new variables 

K=k+k; k= hae, 
m, -+ m2 
The operator H, becomes 
H,f(K, Y= aq KK, HBS K, 4, 


where h operates only on the variable k; 


bf (k) = pf (kh) +-[o(k —k) f(k) dk’ = (by +¥) f(b). (1,1) 
Here 
M=m,+m; m= paras 


and v(k) is the Fourier transform of ,.(x). 

In the three-body case this transformation may first be applied to the 
coordinates of any two of them, and then to their center of mass and the 
third particle. This leads to the three coordinate systems 

K=k,+k,+k,; 


keg — Make — moks . __ ™} (ky + ky) — (mz + ms) ky , 
2a mg+ mgs : } m);+ mg+ my, , 

k. __ myk3 — m3k, p __ Mo (k3 + ky) — (mg + m)) ke 
1 m3-+ my, : 2 m,; +mo+ms, ? 

ke. — maki — mike . __ m3 (ky + ko) — (m; + me) kg 
An m,+m, ’ : m, + my+ m3 : 


Each of the pairs of variableS ky, p,; ks), Po; Kiz P3 May be expressed by 
means of any other pair, so that K, & and p may be chosen as the independ - 
ent variables. Henceforward we shall Simply write k and p, whenever the 
choice ofa particular pair is immaterial. 

In these coordinates the operator H, splits intc two terms 


HA f(K, k, p)= ai K4(K, ky p) + HSK, &, p), 
(M=m,-+ m,-+ m3), 


where H operates only on k and p and has the form 
H = H,-+-V.; + V3, + Vio. (1.2) 


Here H, is the operator of multiplication by the function 


1 1 1 1 1 1 
Hk, p) == B+ ep? = =e Bt ep? = ——_ BP + — pt 
of , P) 2mo3 3 2n, Pj 2m3, 3! 2ne Pe 2m, «12 2ng Ps, 
where 
____ moms, __ _m(mg+ m3), 
Og ye i ee gaa 
2 m3 m) + m2 m3 
—_m3m)_, _ _ me(m3+m) , 
31 m3 +m,’ Ne my, + my + , 
3 1 1 2+ m3 
a mymg _ ms (m, + mo) : 
Mj. = ’ amas ’ 
m, + mo my, + m)+ m3 


the operator V,, is an integral operator with the kernel 


OP aslk, ps ky p')= 95 (kos — k5) 8 (Pp, — Py), 


ViS(k, p)=| 2, (kos — kos) (Kos> P)d kos: 


the operators V,, and V,, are similarly defined in the coordinates kg, ps, and 
ky, Ps, respectively. 
The function A,(k, p) will frequently be written in the form 


ee 1 2 1 2 
Hy (ky P) =" Ga P+ 5B, 
without any indices. 
It is Sometimes convenient to use aS independent variables instead of k, 
p any two of the variables p,, py, p3,e. 8. , Po, pr instead of ky, p,. The rela- 
tions between the k-type and the p-type variables are 


—_—_ -__— —_— = Se aS o 
23 cs PCE 5) baa at a UE a 
m m 
k, = —p4 — ——2—_ > = Pp, +- ——"— _ pp 
31 P3—~ Tn, + mg P2— Pi m, + m3 2 
m me 
ky.= —p, — j = p: 2 
12 Pa emg oe ee 


Tu pass from any pair of p,, p2, ps to any other pair we make use of the 


relation 
P+ p, + p3 = 0. 


It is not difficult to express the kernels of the operators V3, V3, Vj, in 


terms of these variables. Thus, for example, if p,=p,, then k,,—k,,= 
= —p,-+ Pp, =p, — py, SO that 


ag (k, p; Fk, P') = Vy3(—P2* Pa) 8 (Py — P,) = Vos (Ps — P53) 8 (Py — Pj). 


The function AM(k, p) is conveniently expressed in terms of p,, po, ps aS 


ms 2m23 
2 2 2 2 
P2 2, P3 P3 2, P 
_ _ (Pz, Ps) = _, (Px Pr Pr 
2m42 m, 2m31 2mo3 my 2mj2 


We asSign to the formal expressions (1.1) and (1.2) self-adjoint operators 
h and H acting in the Hilbert space of Square-integrable functions of the 
suitable number of variables, 

We denote by § the Hilbert Space of the functions /f(k) with the usual 
scalar product 


(4, P)=| MOF dk. 


The Hilbert space of the functions of two variables /f(k, p) with the scalar 
product 


(4, P=] LK pF, p) dkdp 


will be denoted by 9. 

We do not introduce different notations for the components, the scalar 
product and the norm in § and 9, Since it will always be evident which 
Space iS meant. 

The functions vu(k), v3 (k), v5, (kK), vi2(K) will be assumed to satisfy the follow- 
ing conditions (here exemplified in the case of v(k)): boundedness and 
sufficiently fast falling off 


Ju(k)|<C+jk)", 0 >0), (Aa) 
Smoothness 
Ju(k)—v(k+h)|<CI+lk I Als ((AI<1, t% > 0) (B,.) 
and real-valuedness 
v (—k) =v (k). (R) 


The set of functions f(k), dense in §, which satisfy the condition 


[ky | f(y Pdk < &, 


is denoted by ». The set of functions f(k, p), dense in 9, which satisfy the 
condition 

J+ pp | A(k, p)Pdkdp <x. 
is denoted by 9. 

Theorem 1.1. Let the function v(k) satisfy conditions A, and R, with 
> 4: Then the expression (1.1), defined on », defines a self-adjoint 
operator h in b. 

Let the functions v25(k), v3 (k), Vi2(k) satisfy conditions A, and R, with 
5. Then the expression (1.2), defined on 9, together with its subse- 
quent relations, defines a self-adjoint operator H in 9. 

We remark that this theorem is a particular case of a well-known theo- 
rem of Kato /3/ on the self-adjointness of the many-body Schrédinger opera- 
tor. Kato's conditions are formulated in the configuration repreSentation. 


These conditions are known to be fulfilled if all the potentials &,,;(x) are 
Square-integrable in the entire three-dimensional Space. If the exponent 6, 


in condition A, islargerthan . then the functions v(k), and consequently also 


their Fourier transforms, are Square-integrable over the entire Space and 
therefore satisfy Kato's criterion. Nonetheless, we shall go ahead and 
prove Theorem 1.1 for the sake of completeness of presentation. The 
proof is based on the following general proposition 


Lemma 1,1. Leta self-adjoint operator A, with the domain of definition 
Q(A), be given in the Hilbert space %. Let asymmetric operator B, de- 
fined on (A), satisfy the condition 


[BSI S|Af|+ ClfI, 
where <1. Then the operator 
A—A-+B 
with the domain of definition D(A)=9(A) is self-adjoint. 


This lemma plays a central part in the proof of Kato's theorem And is 
proved in /3/. 

Let us apply this lemma to the proof of Theorem 1.1, taking the opera- 
tors hj or H, as A, and vw or V=V,;,+ V;,+-V,, as B, So that A corresponds 
to h or H, respectively. The domains > and 9 were choSen above as the 
natural domains of definition of the self-adjoint operators of multiplication 
by a function h, and WH. 

Lemma 1,2. Let the conditions A, and R, with 4, > 5 be fulfilled. Then 


the operator wv is defined and symmetric on »b, and 


Iw F< 8] bb fl+-C@) IA, (1.3) 


where 8’ may be made as small as desired. 
Let us first prove that there existS a 8, Such that the operator vw is Sub- 
ordinate to the operator (e+). Let f€d, then 


Iwf(kyP=|fo(k—k)s(k)dk' |< 


1 1+ R) : 
<¢(\ ater Gey a) < 


< Cf eM 1k  ™ dee hy) ff 


If ic. then 2(1+6,)>3, and we deduce that if 8 is such that 2(2—38)>3, 
i.e., 34, then 


Ivfl< Cl (e+ bh) fi. (1.4) 


Inequality (1.3) follows from (1.4) in view of the elementary inequality 
(1a xyo< 8x+-(4)” (x >0; 0<8< 1). 


In order to prove the Symmetry of vw it is Sufficient, on account of con- 
dition R, to show that the integral 


[=| f(k)u(k—k)f () dkedk’ 


converges abSolutely for any f and f in db. We note that the functions /(k) 
in db are absolutely integrable. In fact 


(fifo ldky? <f+ RPL) P dk [ayes <@. 


This immediately implies the absolute convergence of J. The lemma is 
thereby proved. 
We note that the operator H, maybe expressed as a Sum of two nonnega- 
tive termS, e.g., 
A, = he) + h®, 
where 
1 1 
hi’) f(k, P)= Oman kist (k, P); hf (k, p)= a, Pit k, P), 
Repeating the proof of Lemma 1.2, one may show that 


| Vigf |<] be F] + COL AI< 3H, f+ COIS] 


for any f€9 and that V3 is symmetric in 9. The operators V,, and V,. are 
treated in the Same way. Theorem 1.1 follows from Lemmas 1,1, 1.2 and 
the preceding arguments. 


§ 2. Construction of the resolvent of the 
operator h for Imz~0 


In this section we begin the investigation of the resolvent of the operator 
h, i.e., of the operator 


r(z)=(h— ze)", (2.1) 


where e is the unit operator in §, and z a complex number. The resolvent 
r(z) is defined and bounded for any z with Imz=0, on account of the self- 
adjointness of h. Its range is the same for all Such z andcoincides with b. 

The operator r(z) is mainly studied by means of the equation relating it 
to the operators wv and the reSolvent ro(z) of hg, 


r, (z) = (hy — ze). (2.2) 
This well-known equation has the form 
r (z) = 9ro(z) — ro(z) vr (z) (2.3) 


and determines r(z) uniquely. This iS more precisely expressed as follows: 

Lemma 2.1. Let the bounded operator %, whose range is contained in b, 
satisfy equation (2.3) for some z, Imz0. Then *¥=r(z). 

To prove this, consider the operator r,;=—r(z)—¥F. It satisfies the equa- 
tion 

r, = —F,(z) vr (2,4) 

for the above-defined z. Forany f€$ there exists a g=r,f with g@d. 
Equation (2.4) yields the following equation for g 


g=—*, (z) vg. (2.5) 
Multiplying (2.5) by h,—ze, 
hg — zg = —vg (2.6) 
or 
hg = zg. (2.7) 


The self-adjointness of h implies that g=0 and hence r,=0, i.e., r=r(z). 
This proves the lemma. 
It is convenient to consider the operator 


t(z)=v—vr(Z)v. (2.8) 


This operator is defined on bd for all z with Imz0, and satisfies the equa- 
tion 
t(z) = v — vr, (z) t(z). (2.9) 


The operator r(z) is expressed through t(z) as 
r(z)=r,(z)— r,(z) t(z)r,(z). (2.10) 
Indeed, multiplying (2.3) on the left and on the right by v, we obtain 
t(z) — v= —vr, (z) v-+ vr, (z) wr (z) ¥ = 
= —vr,(z) v-+ vr, (z)[—t(z) + v] = —vr, (z) t (z). 


It is Similarly verified that the operator r(z), constructed from t(z) accord- 
ing to (2.10), satisfies equation (2.3), and that its range is contained within 
0. By Lemma 2.1, this operator coincides with the resolvent r(z). 


It follows from Lemma 2.1 and the preceding arguments that 

Lemma 2.2. Let the operator t, defined on »b, satisfy equation (2.9) for 
some z. Then t=t(z). 

It is more convenient to Study the operator t(z) than the resolvent r(z), 
since this operator may be expected in view of (2.8) to be, like v, an inte- 
gral operator with a smooth and bounded kernel. To prove the last state- 
ment rigorously, consider the integral equation 


E(k, k’, 2) =v(k—k)—foe—k)(K— 2) t(k", k’, z)dk' (2.11) 


for the kernel ¢t(k, &, z). This equation is studied in detail in § 4 under the 
assumption that conditions A,, B, and R are fulfilled. In particular, it is 
proved there that: 

Equation (2.11) has for any z with Imz¥0 a solution t(k, k', z), conti- 
nuous ink, k and z, and estimated by 


[t(k, k’, z)[|<C(+|[k—k|)y"*, 0< 4, (2.12) 


uniformly in z with |Imz|>8, 8>0, and any k and k. 
We construct from the kernel t(k, k’, z) the operator f(z): 


E(z) f(k)=[t(k, &, 2) f(k)dk. 


Here @ in condition (2.12) may be taken to be less than > Repeating the 
steps of the proof (§1) that the operator wv is defined on db, we may prove 
the same for €(z). It follows from (2.11) that €(z) satisfies (2.9); hence, by 
Lemma 2.2 it coincides with t(z). 
We can now infer 
Theorem 2.1, Let Imz4#0. The resolvent r(z) is represented in the form 
(2.10), where t(z) ts an integral operator, and its kernel t(k, k’, z) ts con- 
tinuous in all its variables and satisfies the estimate (2.12). 
The characteristic properties of the resolvent of a self-adjoint operator 
are known to be 
r*(z)=r(z) (2,13) 
and 
¥ (z,) — F (22) =(z, — z2) F(z, )r (22). (2,14) 
The last relation is frequently called Hilbert's identity. 
Let us see what properties of the kernel t(k, k, z) are implied by rela- 
tions (2.13) and (2.14). 
Lemma 2,3. The following relation is valid 
t(k, k', z)=t(k, k, 2). (2.15) 
Proof. Let f and f’ be some functions in b. Since v is Symmetric on b, 
we have by (2.8) and (2.13) 
(t(z)f, A=, t(2)/), 
that is, 


fife ki, a) f(kydk'} F(R dk =| {[t(k, k, 2) f' (k) dk | f(k’)dk'. (2.16) 
Since these integrals converge absolutely, we may change the order of inte- 


gration on the right-hand side. (2.15) follows from (2.16) since f(k) and /'(k) 
are arbitrary. This proves the lemma. 
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Lemma 2,4, The following relation is valid 
t(k, k', z,)—t(k, kK’, Z_) = 


=a) | k", 2) = a t(k", k', z)dk". (2.17) 


2m 7) 2m ~ 72 
Proof. We first prove that the following relations hold 
t(z)ro(z)=vr(z); ro(z)t(z)=r(z)v. (2.18) 
Multiplying (2.10) on the left by v, we obtain 
wr (z) = wry (z) — v¥o(z) t (z) ro (z) = [v — vo (z) t (z)] ro (z) = t (z) r9 (z). 
The second relation in (2.18) follows on multiplying (2.8) on the left by ro(z). 
We now multiply (2.14) on the left and right by v, obtaining 
t(z,) — t (z,) = —(z, — 2.) wr (z;) r (Z_) Vv = (Z_ — 2) € (21) Fo (Z1) Fo (Za) t (Z2). 


This implies (2.17). The rigorous proof duplicates that of Lemma 2,3. 


§ 3. Construction of the resolvent of the operator H 
for complex z 


In this section we begin the investigation of the resolvent of the operator 
H. We introduce the notation 


R(z)=(H— zE); R, (z)=(H) — zE)~". (3.1) 


(Here E is the unit operator in §.) These operators are defined for all z 
with Inz~0 and map © onto ®. The following equation holds 


R (z) = Ry (z) — Ry (z) VR (z), (3.2) 
where 
V=V.,, + V3; + Vio. (3.3) 


Lemma 2.1 may now be reformulated as follows: 

Lemma 3.1. Let the bounded operator R, with a range contained in 9, 
satisfy equation (3.2) for some z. Then R=R(z). 

We denote by T(z) the operator defined on ® by the relation 


T (z)= V — VR(z) V. (3.4) 
The resolvent R(z) is expressed through T(z) as 
R (z) =R, (z) — Ry (z) T(z) Ry (z). (3.5) 
The operator T(z) satisfies the equation 
T (z)= V — VR, (z) T(z). (3.6) 


Any operator T with a range lying in 9 which satisfies equation (3.6) for 
some z, coincides with T(z). All these propositions are proved exactly as 
their counterparts in§2. Equation (3.6), however, is not very useful for 
the investigation of the operator T(z). The reason for this is that the opera- 
tor V.,R)(z) which appears in this equation has the kernel 


’ , k2 p? — 
U93 (Keg — Kg) 8 (Py — P) (sa +E a z) : 
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containing a 8-function, which is not removed in iterations of (3.6). In fact, 
the kernel of Vo3Rp(z) VasRo(z) contains the Same 8-function as the kernel of 
V.3sRo(z). It is therefore impossible to reduce equation (3.6) to an equation 
with a completely continuous operator in any function Space. 

We note, however, that these 8-functions disappear in the product of the 
operators V,,R,(z) and V;R)(z) upon iterating equation (3.6). Actually, one 
may take p, and p, as integration variables in the kernel of VosR,(z) V,,R,(z), 
and the 8-functions are removed by integration. The Same occurs in the 
products of any two operators of the type V.,Ro(z) with different indices. 
These arguments point the way to the construction of Suitable equations for 
the investigation of the resolvent. 

Consider the operators 


M,, (z)=3,,V.— V.R (z) V,. (3.7) 


We have introduced for brevity the indices «, B which run through the 
values 23, 31,12; 8, is the Kronecker symbol. It iS easily verified that our 


operator T(z) is expressed by the M., (z) as 
T(z)= 2 Ma, (2). (3.8) 


Equation (3.2) may be used to show that the operators M., (z) satisfy the equa- 
tions 
M.,(z)=2,,V.— V.Ro(z) 2 M,,(2). (3.9) 


The system of equations (3.9) is in no way better then equation (3.6). 
However, we may perform the following transformation. We split the sum 
on the right-hand side into two parts 


V.R, (z) M., (z) =a V.R, (z) >) M., (z) 
and transfer the first to the left-hand side of (3.9), obtaining 


[E+ V.Ro (z)] M,, (z)=8,,V, — V.Ro(z) 2 M, (2). (3.10) 


Consider the operator T,(z), defined by the relation 


2 


TDs, p=Jt, (x, ki, 2 — BK, p,) dk, (3.11) 


Here 1t,(k, k’, z) is the solution of equation (2.11) with m, and u,(k) for m and 
v(k). The index « which refers to p and a runs through the values 1, 2, 3 
instead of 23, 31, 12, respectively. The estimate (2.12) shows that the 
operator T,(z) is defined on 9 (exactly aS we did in §1 for V,). It readily 
follows from (2.11) that T,(z) satisfies the equation 


T, (z)= V, — V.Ro(z) T, (z)= V. — T, (z) Ro(z) V.. (3.12) 


We multiply (3.10) by E—T,(z)R)(z). By (3.12), M,,(z) must satisfy the sys- 
tem of equations 
M,, (2) =2,,T. (2) — T.(z) Ro(z) & M,, (2), (3.13) 
1#0 


which is our basic tool in the investigation of the resolvent R(z). 
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Lemma 3.2, Let M,,(z) be nine operators, defined on 9 and satisfying 
the system (3.13). Then the operator 


T()=EM,, (2) 


coincides with T(z). 

Proof. We apply the arguments which led to the system (3.13). Multiply- 
ing (3.13) by the bounded operator E-+-V,R,(z), and bearing (3.12) in mind, 
we deduce that the operators M,, (z) satisfy (3.9), and hence that T (z) Satis- 
fies (3.6). The required result follows on account of the uniqueness of 
solution of this equation within the class of operators defined on 9. The 
lemma is thereby proved. 

The kernels of the free terms in (3.13) contain 8-functions. We there- 
fore consider instead of the operators M,, (z) the operators 


W., (2) =M,, (2) —8,,T. (2), (3.14) 
which satisfy a system resembling (3.13), 
Wee (2) = Wop (2) — T. (z)Ro(z) 3 Wie (2), (3.15) 
but with a different free term 
Wi) (z)=0; W2(z) = —T. (z) Ro(z) T(z) = Q:3 (z). (3.16) 


We shall use the following notation for the iterations of (3.15) 


Qo ne Z= (1 T,, @)R, (2) T,, @) --- T,, (2) Ro(z) Trl), (3.17) 
where the indices %, ..., Yau: take on values complying with the condition 


THF Vian i=1, 2, coe, Me (3.18) 


It is easily verified that the kernels of the free terms in (3.15) are 
Smooth bounded functions. Thus, e.g. , 


2 
; P 
QD 31 (K, P; k’, P; z)=t,, (is, —~P2 = Py) 2— 2] a 


mg+mys 


2 ’ 2 ~—] 
x ( Py _, Pe Po) P2 = YX 


2m3) m3 2m23 


2 
1 F Ps 
X ty pee kop ne) (3.19) 


m); + m3 
where the denominator does not vanish for Imz¥0. It may be Similarly 
verified that the kernel of any operator Q” | | (z) is also a bounded smooth 
function. The kernels of the operators W., (2) can alSo be expected to pos- 


sess these properties; that they in fact do possess them is proved as fol- 
lows. Consider the system of integral equations 


UW alk, ps kK. ps z= WRK, Ps K, Ps 2) — 


2 ver 
Pa \ ®(Pa— Pa) 
__ ” 2x i i", Jef f, ke! fe : 
fale ki, acre > Blt »P; »p'; z)d dp (3 20) 
m 2n 


This system will be studied in detail below, from §5 onwards, Let us intro- 
duce at this stage some notations in order to formulate the required result 
which is derived there. We denote by W,,(z) the operators obtained from 
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W., (z) upon subtraction of the first three iterations of the system (3.15) 


W,,, (z) = Wag (z) — Q2 (z) — Q9 (z) — Q9 (z), (3.21) 
where 


O32) =2 Q..(2; WHE)= TW... (3,22) 


The prime on » signifies that summation is carried out over the allowed 


values of 1, 11, Y2 Only, i.e., Aa, YAB, 1A*, 1A Ye 12 AB. We denote by 
N(k, p; 9) the estimating function 


Nk, ps 9= (1+ |p| A+ lel (3.23) 
oe 

where pi, Pe, Py are understood to be expressed through any pair of indepen- 
dent variables. 

In §5 we prove the following statement: 

The system (3.20) possesses a Solution which is continuous in all va- 
riables, and such that the kernels U,,(k, ps &, p's 2) of the operators W., (z) 
satisfy the estimates 


| 27 g(k, Ps Ky p's z)|< CN(k, p; 9) (1+ p's) * (3,24) 
for any z belonging to a finite domain that does not border on the real axis, 
where @ may be chosen as close as desired to the 4 of the condition Avg. 

_ We will now show that the integral operators W., (z) with the kernels 
ag (k, p; &, p’; z) are defined on 9. To this end we make uSe of the following 
proposition: 

Lemma 3.3. Let W be the integral operator 


W(k, p)= JU (k, ps kK, pr) F(R, pl) dk'dp’, 
whose kernel @ (k, p; kK, p’) satisfies the estimate 
12” (ke, ps &’, pI CN(k, ps (1+ ps), 


where B may take on any of the values 1, 2, 3, and O>F. Then W 1s de- 
fined on ® as an operator in 9. 


Proof. Let f(k, p) be a finite smooth function. Taking k, and p, as inte- 
gration variables, we obtain 


| WI(k, p)[P< 


< CINK, Ps | Gap | PIA, pd? dkedp < 
<C(M(k, ps DYE He) £4? 


1 


Since 6>5, we get 


[WIS Cl(E+H) fl, 


which shows the operator W to be defined for any f€D. This proves the 
lemma. 

All the operators o ‘ng (2) Ave defined on D, It follows from (3.24) and 
Lemma 3.3 that the operators W., (2), and hence W.,,(z) too, are also defined 
on ® as integral operators. 

Let us See what the preceding results imply as to the resolvent R(z). It 
iS convenient to consider the operators 


H,=4,+-V,, 2*=23, 31, 12, (3,25) 
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and their resolvents 


R, (z)=(H, — zE)". (3.26) 
It is easily verified that these resolvents are expressed through T,(z) as 
R, (z) = Ry (z) — Ry (z) T, (z) R, (z), (3.27) 
so that 
Ry (z) T, (z) Ry (z) = R, (z) — Ro (z). (3.28) 


The above analysis demonstrates 

Theorem 3.1. Let the functions v,(k) satisfy conditions Ao, B,,, R with 
>>. Then the resolvent R(z) of the operator H may be represented in the 
form 


R (z) = Ro (z)-+ D(R, (2) —- Ro (z)) — Ro(z) 3 Wa, (2) Ro (2), (3.29) 


where W,,(z) ave integral operators whose kernels satisfy estimates (3.24). 
Formula (3.29) follows from (3.5), (3.8), (3.14) and (3.28). 
We conclude this section with a derivation of the properties possessed 
by the kernels 2”,,(k, p; &, p’; z) in virtue of the 'self-adjointness" of the re- 
solvent: 


R (z)=R*(2) (3.30) 
and Hilbert's identity 
R (z;) — R (z2) = (2; — 22) R (z1) R (z:). (3.31) 
Lemma 3.4. The following relations are valid 
W glk, ps K, p's = Walk, p's ky ps 2)- (3.32) 


Proof. We note that the following relation holds, in view of (2.15), for 
any f and f’ in ®D 


(T.(2)f, =(A T.2)P), eh 
and on account of the symmetry of V, and property (3.30) 
(M,,(2)4, Y= My (2) /). (3.34) 
Combining the last two relations, we obtain 
(W..(2)4, =, W, (2) Ff), (3.35) 


showing that the corresponding kernels satisfy (3.32). 
Lemma 3,5. The following relations are valid 


Mag (k, ps k', p's 21)—Maglk, ps K, p's Z2)= (2.21) | SoMa (k, p; k", ps 2%)X 
T 


x (# + eg) (4 Ba.) Sot glk', p"; Kk’, p's 2) dk'dp". (3.36) 
Proof. We apply the reiations 
V.R(2)= M,,(2)Ro(2); (2) V,=Ro (2) 5 M,, (2), (3.37) 
which may be obtained by multiplying (3.5) on the left by V,, (3.7) on the 


left by R,)(z), and making use of (3.8) and equations (3.2) and (3.9). 
Multiplying Hilbert's identity by V, on the left and by V, on the right, 
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and applying (3.37), we obtain 
M., (2:1) = M., (z.) = (z2—- 21) 2s M,. (z,) Ro(z,) Ro (z2) 2 M.,, (z2). (3.38) 


Relation (3.36) is simply (3.38) written in terms of the kernels of the 
M,,(z). It should be kept in mind that these kernels have for a—§ a 6-type 
Singularity 


» 


4 


t Pa , 
Maa(K, Ps k', p's z)=t, (x, ky 2— | 8(P.— Pa) 


\ 


+ US A, P; k', p’; z), 


where 2 (k, p; k’ p'; z) is a Smooth bounded kernel. This completes the 
proof. 


§ 4. Investigation of the kernel ¢(k, k’, z) 


In this section we shall investigate the integral equation derived in § 2 
for the kernel ?¢(k, k’, z). We shall prove its solvability and obtain detailed 
estimates for the solution. 

The equation in question has the form 


/ 72 --1 
t(k, ki, 2)=o(k—k)—[o(k—k) (Ko — 2) (e', ky, 2)dke (4,1) 


This is an equation for the kernel t(k, k’, z), seen asa function of k, with 
k’ and z serving as parameters. The dependence on k’ is determined by 
the free term, and the dependence on z, by the kernel of the integral 
equation. 

We will assume once and for all that the function v(k) satisfies conditions 


A,, 8,, and R, with —>F) Hy >> 


The integral in equation (4.1) becomes Singular when z lies on the real 
axis. Inorderto give suchan integral a meaning for arbitrary real z, we 
impose a Hélder condition on all the functions appearing in the integrand. 
Let us now State a few definitions and results concerning Holder functions 
and singular integrals involving them, of which frequent use will be made in 
the following. 

The function f(k;, ..., ky, 21, +++, Zm) Of the variables k,,..., k, and the com - 
plex variables 2, ..., Zm is said to fulfil Hélder's condition with the indices 
1, +++) Bey V2, +++, %m and the estimating function M(k, ..., ka, 21, +++, 2m), Where 
k,,i=1,...,2, range throughout three-dimensional space, and z; y=1, ..., m 
throughout the region If in the complex plane, if 


Reig wiriig Neg as cond | OM (Rig aay Kee Bien oe BEDS 
| f(k, hy, «22, Kye a, ZA, 00, Fm Am) — F(A, «2 0, Kany 21, 00 0, Zm)IK 
< CM (ky, «« «> Kny 21, 000) Zm)L| Ay | -e ... -]A, fP- fA, [ee 14, |], 


where 
[AgJ}<1, f=1, ..., a; [4;)<1, j= 1, ..., m, 


for z,+a4,€ W,0<¢<l. 
The following propositions are valid: 
I. Let f(ky, .-+) Kn» Z1) +++) 2m) be a HOlder function with the indices p,, ..., p,, 


16 


¥, «++ Ym and the estimating function M(k, ..., Kp, 21, ..+) Zm). Then 


fi (ka, eee, | aes k, 21, eee, NaS (ky; eee, Ke. Z1y woes Zm)\k =k, —k; 
fa (ki, eo ey Kins Z1y eee, Zaye, z)= f(k,, eee, Ke: 21, ete. 


too, are Hélder functions, having respectively the indices 4p, ..., pes, PB, 
Vip coe) ¥m, Where p= min(p,_1, Mn) ANd py, ..., Vay Ya, «+, Ym—g, ¥, Where v= min(V%my_>, Ym), 
and the estimating functions M(k, ..., Kn-2, k, k, 21, «++, Zm) and M(k,, ..., Kny Z1, +++ 
; ee ae Pao AV 

Il. Let f(k,, 
timates 


’ 2m le, tmz 


we, Kn, Z1, «++, Zm) De the Same as inI. Then we have the es- 
\f(k, +h, kathy, ...) —S (ky +h, ke, .--) —F (kay Ket he, «2 
+f (ky, Kay «0 -)| SCM (ki, oo ey Kny Zap oe ey Zen) Ay [OT] Ay [POS 
[f(k, hy, «.., 2, 4A), «..) —fF (ky, 226, ZA Ay, 22 
—f(k, hy, ..+, Z1, + JAS (Ay, 0+, 21, IR 
<OM iy 40% Kh Zig og Za) a Ay pets 
[f(..., Z)-R AY, Z + AQ, ...)—S (0.6, 21 Al, Za, 00) — 
— f(..., Z1, Zo Ap, 00s) HAF (0-6, Z1, Zope VIS 
< CM (ky, «2-5 ny Z1y +2 Zm)| ay ["T| Ay poets 


Here y iS an arbitrary number 0<y<l. For brevity, we have indicated 
by dots those arguments of f(k, ..., Kn) Z1, --+) Zm) Which are held fixed. 
Il. Let f(k,, ..., Kay Zi» +--+) Zm) DE aS in J, and let 


| d2iM (k,, re ee eee ee 


Th SS CN (k,, ce ey ee Z1y cory Zm) (J + | Ky Weems 
en 


2 


ky -: 
fi (k,, ce ty Key, Zi, 20%) Zmy = (5 —z) I (ky, ee ey Ris Ziy oeey Zm) dk, 


too, is a Hélder function, having the indices p, vv, where 


re ee err ee 

v=min(>, Ha) and each of the pi, ..., »p)_4, ¥, +--+) ¥, may be taken as cloSe as 
desired to, but smaller than the corresponding py,..., Pai, %, ---, Ym, and the 
estimating function 


M, (k,, ereey kai Zip ee ey Zmy z)=N(k,, s ecey kya, Ziy ee ry Zs) x 
9’ 


x(1+|z)) 7, &<min(1, 9), 


where z ranges over the complex plane Ip, slit along the positive real axis. 
The function f, (k,, ..., Kn—1, Zis+++) Zm, Z) iS everywhere differentiable with 
respect to z except at the positive real axis, and for Re z<—1 we have the 
estimate . 

= Atk, ee ky Z1y oy Zens z) q 


Q” 


< CN (k,, oes kn-1, Ziy oery Zm)(1 “|Z ) a 


The constants in the estimates of f,(k, ..., Ky—+, Z1, -++) Zm» Z) depend linearly 
on the constants of the estimates of f(k,, ..., Kn, Z1, «++; Zm): 

All these are known results, in this or an equivalent formulation. For 
the sake of completeness they are proved in Appendix I. In the following we 
Shall refer to proposition III as the lemma on Singular integrals. 
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Now for the investigation of equation (4.1). The estimate of the free term 
as a function of k depends, generally speaking, on the parameter k’. This 
disadvantage disappears in the iterations of equation (4.1). We now apply 
the lemma on Singular integrals to obtain estimates for these iterations. 

Let us begin with the second iteration 


ti(k, Ki, z= —fo (k— (Eo —2) v(k’ —k’) dk". (4.2) 
In order to estimate the integrand, we make use of the elementary inequality 
(I+ [k—q)(l+lg—k)< 
<Cll+|k—g)y + +i g—K V+ lk I, (4.3) 
which follows from the triangle inequality and the familiar 
(a+ b)’ < C(a’+-6°); a0; 6>0; 0<8. 


Before applying the lemma on Singular integrals it is necessary to 
estimate the integral over angle variables 


Ik, |q|, )=Jd2,(1+-|k—giy. (4,4) 


This integral will be shown in Appendix II to satisfy the estimate 
Hk, ll, 9K CU +E) A+ [gis ®A ea 0 <2 (4.5) 


This, together with (4.3) gives the following estimate for the integral of 
the estimating function of the integrand of (4.2) with respect to the angle 
variables 


I(k, k', [k"|))=[d2,,(1 + | k—k' |) (1 a | kb’ —k \y te < 
KCl [kk f dQ, [+ [kK ye lL 
<KC(l+ kk (1a fey. 


It is asSumed here that 0,< 1. 
We may also proceed differently. Let 8<6; we have 


I(k, Ki, [RS C+ [kA [dQ (1+ [kk x 
x [Le fe Re a I 
KCI KIO RY ey 


The last step follows by applying Hdlder's inequality with a suitable 
index. 
We have thus obtained the result that the kernel ¢,(k, k’, z) is a Hélder 


function with the indices 4g, gp, > where uw is as close as desired to p,, and 


with the estimating function 
(1+ [k—k P+] zy" or Ilkka ee, 


where 0<1, 6< 6, and 8< 8. 
A Similar procedure may be applied to the subSequent iterations. We 
shall state the result only. Let us define the operators 


t,, (z)=(—1)* wr, (z) vv... vr,(z)v, 2=2, 3, ... (4.6) 


r,n times 
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and denote their kernels by #,(k, k’, z). Then the following result holds: 


Lemma 4,1. The following estimates are valid for the kernels t,(k, k', z) 
for any finite n 


Jt(k, k', z)|< CU +R I(t] zs (4.7) 
[t,(k +h, k’ +h’, z+ A)—1?,(k, ki zi< 
<CI+[kK—k' |) Pe] zy aa he a]; (4.8) 


8< 1; OOS By << ho <5 ‘ 
and the estimating function (1+|k—k |)” in the right members of (4.7) and 
(4.8) may be replaced for n2>n, where n depends on 4, by the function 
(1+-|k|) "(1+ |k |)" where 6, and 6, are some nonnegative exponents which 
satisfy the relation 0,+0,=1+9. All these estimates hold uniformly in all 
the k, k' and z€Qh. 
We introduce the class m(@, ») of functions f(k) satisfying the estimates 


F(R I< COHEN’ FR +A) COA+IEI Al 
JAl<1; 9>0; O<pe<1. (4.9) 


This class will constitute a Banach space if the norm is defined as 
a 6 If (kK +h) — f(k)] 
[7b .=sup (+1 eI) [ify |+ PEAT EEO). (4,10) 


We designate this space 6(8, p). 

Let us remark that v(k) Gm(1+-9,, ».), and that the kernels ¢,(k, k’, z) which 
considered as functions of k, belong for n>”, to m(4,, »,) are uniformly 
estimated for zéU, by 


lt. es, Dh n SCA #1 +[ zs (4.11) 
i t, (+, kik, z—+A) it, (-, k, z) lp. Hy — 
KCL Rd fz [a al); (4,12) 


6,48, <1 4-03 py Be os Ye pe/ Qs 9 <6. 
The last estimate follows from our proposition I] on Hdlder functions. 
We now consider the integral operator 


a (z) f(k)= | v(k—k/) & —z) f(k’dk’. (4.13) 


operating on f(k) Gm(6, »). Repeating the procedure which we have uSed to 
estimate the iterations of equation (4.1), we may prove the following: 

Lemma 4,2, Let f(k)Em(®, p) and g(k, z)=a(z)f(k), where 6<1+4, and 
w<p, Then g(k, z) satisfies the estimates 


le (k, z)|< Cl fle, pA + EI +1 Z5 (4.14) 
|g (k +h, z+-A)—g(k, z)1< 
<Cifle A+ LAD (1+ fz (Ah + al]; (4,15) 
<1 +8; KK 8 BC WEEN | 


where v=min (>. ») and w! does nol depend on » and may be taken as close 
as desired to wy). 


Lg 


Thus, the operator a(z) transforms functions belonging to the class m(Q, yp), 
with 6<1+ 6, p<p, into functions of the class m(, »’), where we may take 
vw >p, ¥>6. We may note that the sequence of functions f,(k), which is 
bounded in the norm of 6(@, »’), must be compact in any b6(6, p), 0<c0’, pw’, 
This criterion of compactness, and the estimates (4.14) and (4.15) imply 
the validity of 

Lemma 4.3. For any z€l,, the integral operator a(z) determines in 
b(6, pn), 09<1+%, pp, acompletely continuous operator, 


la(z)le,,.< C+ 21); (4,16) 
|a(z + A)—a(z)fp, << C+ z|)"[4f, (4,17) 
while 8 may be arbitrarily close to ay and oe 


Consider now, instead of t(k, k’, z), the kernel t(k, k’, z), obtained from 
the first by subtraction of the first ny—1 iterations of equation (4.1): 


E(k, k', z)=t(k, k', z)—t, (k, k', z)— a — tai (k, kK, z). 


The equation for f(k, k’, z) is 
Rp” —1 
E(k, K, a)= talk, 2) —fok—RI(25 2) FMW, adit, (4.18) 


and, as mentioned before, the free term belongs to m(Q4,, p,), 9,<c 1+4-%, << fo. 
We are looking fora solution f(k, k’, z) out of the class of functions, which 
for fixed k’ and z belong to m(6,,p,) as functions of &k. On denoting by 

f(k, z) and f(k’, z) the elements induced by these kernels in 6(6,, p,), (4.18) 
can be written 


fk’, zJ=fhtk, z)—alz)f(k, 2) (4.19) 


We gather from Lemma 4.3 that the Fredholm alternative applies to this 
equation, so that our next problem is to study the homogeneous equation 


p+ a(z)p=0 (4,20) 


in the function class m(®, p), 6<C1+6, p< py. 

Lemma 4.4. Let »(k) be a solution of equation (4.20) belonging to m(Q, p), 
06<1+6, p<. Then p(k) Em(1+%, wp), where pw may be taken as close as 
desired to ty. 


The proof follows by repeated application of the estimates of Lemma 4,2. 

Lemma 4.5. Let Imz~0. Then equation (4.20) has no nontrivial solutions 
in m(9, p). 

Proof. Let (4.20) have a solution, g(k), in m(®,») for z=z. By Lemma 
4.4 g(k) Em(1+%, »), So that o%(k)G@b and Yo (k)=(5— — 20)? go(k) €éd. Equation 


(4.20) then becomes, interms of $ (k), 


(s— — 20) bo(k) + [ o(k —K) Yo (k’) dk’ =0 
or 
bh} = Zp. 
Since h is Self-adjoint it follows that %=0, and hence 9 (k)=0. This 
completes the proof. 


Lemma 4.6. Equation (4.20) has no nontrivial solutions for sufficiently 
large |z|. 
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The proof follows from the fact that the norm of a(z) is Shown by the 
estimate (4.16) to be smaller than 1 for sufficiently large |z|. 


Lemma 4.7. Let o(k) Em(6, ») be a Solution of (4.20) for z=w*+ i0 or 
z—w?—i0. Then 
e(k)|y = 0. (4.21) 
a. 


Proof. Consider the case z=w’?+ 0. The element 
g (e) = [a (w’ + se) — a (w? +- 10)] 9, 


constructed from a solution 9(k) of equation (4.20) for z=w*?+i0 must vanish 
in the norm of b(®%, p) for e—0, on account of the continuity of the operator 
a(z). The functions 9(k) and g(k, «) belong to b, and the equation 


p+ a(w? + fe) p= g (e) 
may be written 
+ VF, (w* + fe) p = g (ce). (4,22) 


We form the scalar product of (4.22) and rg(w?-+ ie), and obtain in virtue of 
the symmetry of wv in BD, 


Im (rq (w?-+- ie) p, ?) = Im (ro (w+ fe) 9, g (€)). (4.23) 
The integrals 


le (k) (— — (w? ie)) g(k, e) dk, 


appearing on the right-hand side of (4.23) vanish in the limit for e>0, so 
that (4.23) may be written 


([ro (w* +- fe) — ry (w* — ie)] 9, p)= 01) 
or 


\* (k) Fas or eee  (k)dk =0()). 


om ote om Oris 
PasSing to the limit for e—-0, we obtain 


Jie l?8 (55 —0*) dk =o, 


which implies (4,21). 

The case z=w*?—i0 iS treated similarly. Note that we have proved that 
equation (4.20) has the same Solutions for z=w*?+i0 and z=w*—i0. Indeed, 
for any Solution of (4.20) with z=w?+-/0 we have 


(a (v*+ 10) — a(o — 10)) ¢ (k)=2ni [ v(k—k)3(F-— 0) 9 (ey dk =0, 


which shows that »(k) also satisfies (4.20) with z=w*?—i0. This completes 
the proof. 

The points } on the real axis at which equation (4.20) has nontrivial so- 
lutions, will be called the Singular points of the operator a(z). 

Lemma 4.8, Any singular point }0 of the operator a(z) belongs to the 
discrete spectrum of h. 

Proof. Consider first the case }\=w*?>0. We construct from the solution 
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9(k) of (4.20) for zo? the function 


1H=9(j-—0) 


Let us show that $(k)@>d. The difficulty arises only in the neighborhood of 


the surface pat, where the denominator of $(k) vanishes. However, by 


Lemma 4.7 we have for vo? 
ke —- k2 = 
le l= 2) — 9) 2 slan— "| '<Clelaslgn—e] 


Since oa we may in view of Lemma 4.4 assume that >> too, so that 


y(k)is square-integrable in the neighborhood of the singular surface. Equa- 
tion (4.20) becomes in terms of $(k) 


(s-—#") 9 (= —Juk—k) ok) dk, 


so that ~(k) is an eigenfunction of h, and ow’ is the corresponding eigenvalue. 

The case A>0O, which is treated analogously, is Simpler Since the dif- 
ficulty associated with the singular denominator does not arise here. This 
completes the proof. 

These considerations become meaningless for }=0. Examples show 
that this point may be Singular as well as regular, and if it is Singular it 
need not belong to the discrete sepctrum of h. The point }=0 is singular 
only in exceptional cases. Namely, if }=0 is a Singular point of the opera- 
tor a(z) with the potential v(k), then it will also be a singular point of the 
operator a,(z), where v(k) is replaced by (1-+¢«)u(k) for any sufficiently small 
e, In fact, a,(z)=(1+ e«)a(z) and the point 1+-e, for sufficiently small e«, does 
not belong to the spectrum of the completely continuous operator a(0). 

The discrete spectrum of h was studied by many authors, and the condi- 
tions restricting the potential vw were formulated in the configuration re- 
presentation. Thus, Kato /5/ has proved that if v(x) is a quite arbitrary 
function within a sphere of finite radius, but outside this sphere 


Ju(x)|< C(1+]x|)~ (4,24) 


where a> 1, then the operator h has no positive discrete spectrum. There 
exist numerous sufficient conditions for the finiteness of the negative spec- 
trum. For example, the author /6/ has shown that if «>2 in (4.24) then 
the nonpositive spectrum of h consists of a finite number of eigenvalues 
with finite multiplicities. Quite general conditions for finiteness of the non- 
positive spectrum, which are almost necesSary, are given by M. Sh. Bir- 
man /7/. 

Our present method is ill-adapted to the study of the discrete spectrum. 
All that could be proved under the assumptions A, and B, is that the singular 
points of a(z) constitute a denumerable closed set, lie ina finite interval, 
and have at most one limit point, at A=0. In order to apply the above re- 
Sults, it is necessary to impoSe on the Fourier transform of the potential 
v(k) conditions of the type (4.24). The corresponding conditions may be re- 
ferred to the function u(k) itself, but these are known to be too broad. We 
Shall therefore simply assume that the following condition is Satisfied in 
addition to A,, B, and R. 
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Condition C. The discrete spectrum of h consists of a single simple 
nonposilive eigenvalue. The point }=0 is not an eigenvalue of a(z). 

The first restriction iS impoSed only in order to Simplify the formulas, 
All the methods applied below and also all the resultS can be readily ex- 
tended to the case of a finite number of negative eigenvalues having finite 
multiplicities. The Second restriction of condition C is more essential; 
indeed, our Subsequent treatment of the resolvent of the three-body energy 
operator can not be applied without modifications to the case when A=0 is 
a Singular point of at least one of the three operators of type h with the po- 
tentials uv, (k) and masses m,(42=23, 31, 12) standing for v(k) and m. However, 
as already mentioned above, this second restriction is fulfilled as a rule. 

We denote the eigenvalue of h by —? and the corresponding eigenfunction 
by $(&). 

Lemma 4.9. The function (k) may be represented in the form 


y(j==2"_, (4,25) 
t+ 
where ¢(k) belongs to m(1-+-4, po) and satisfies equation (4.20) for z=—’, 


Proof. By definition, ¥(k) belongs to >} and satisfies the equation 
p(k) | o(k—k) 9 (ke) dk! = x2 (bp), (4,26) 
Substituting in (4.26) e(O=(g- +”) 9), we obtain 
e(ky=— uo(k—k) 9 (Rk) dk. (4,27) 


We have for ¢(k) the estimate 
p< Cl [Hk P+ jek | Or dk’) x 
x (fe? | oe) [2dk)"< CU] eI 


1 
§ <a cy a 
Here the integral of the type 


1 


Soe Sg eet es 
f(a)= (l+!q!)? (+lq—a|)? 


(4,28) 
was eStimated by 

Ia) C+ lal FP, a+B>3; 23; BS. (4.29) 
This estimate is proved in Appendix II]. One may Similarly estimate the 
Hodlder difference forthe function ¢(k) with index »,. We are led to the con- 


clusion that 9(k)Em(1+-9, 4), 0<s. Relation (4.27) asSumes in terms of 9(k) 
the form 


ee)=—fok—ey)(F +e)” p(eydee, 


i.e. , »(k) is a Solution of equation (4.20) for z=—x?. We may conclude 
from Lemma 4.4 that 9(k)Em(1+-4§, ,). 

This completes the proof. 

We have now completed the diScussion of the set of singular points of a(z) 
and may go back to Study equation (4.19), i.e., to investigate the operator 
(e+ a(z))~. 
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Lemma 4,10. For any z€Ml, except z= —x?, the operator (e+-a(z))" has 
an inverse of the form 


(e+-a(z))'=e+b(2), (4.30) 
ete Ib()h,.<CO+1z/)° (4.31) 
and 

[b(z-+-4)—b(z)h,, <CU+]ziyrlaly F< Ps veh. (4,32) 


Proof. Fredholm's alternative and the absence of nontrivial solutions of 
the homogeneous equation imply that e+ a(z) has for any fixed zA—-x? an 
inverse in 6(6, p), The estimate (4.31), which holds uniformly in |z], fol- 
lows from estimate (4.16) of a(z). (4.32) follows from the Hdlder continuity 
of a(z). This completes the proof. 

Applying the last lemma to equation (4.19) and keeping in mind the con- 
nection between this equation and (4.1), we deduce the following result: 


Theorem 4.1, Let the conditions A,, B,, R and C be fulfilled, with &>4, 


ty > Then equation (4.1) has for any z€Ml, except z=—»’, a unique solu- 
tion which satisfies the estimates 
|t(k, kK, z)|<CO+[k—k |): (4.33) 
|t(k+h, +h, z+A)—t(k, kK’, z)|< 
KCl |k—k | TL fh Pala Pal; (4,34) 
|t(k, k’, z)—v(k—k) |< C+ k— |) 1 21), (4.35) 


where 0, p, y may be chosen as close as desired to min(1, %), », and oi 
respectively. 
We have here made use of the following result. If 


If(k, RY CU+AI + (4.36) 
for any 6,, 8, Such that 6,460,906, then 
f(z, RVI CU+/k—K |). (4.37) 


To verify this, let |k|<|X|. Then 
Jk—R |<] RI[ +1 R |< 2/1, 


which gives (4.37) if 6,=@ in (4.36). The case |k|>|k| is similar. 

We now take up the investigation of the behavior of the kernel f(k, &, z) 
in the neighborhood of the singular point z=—x?<0, which by assumption 
belongs to the discrete spectrum of h. It is easily verified that this is an 
isolated spectrum point. Indeed, for z—x? we know that ft(k, &, z) satis- 
fies the estimate (4.33), and the resolvent r,(z), and thus also r(z), are 
bounded for any z in the neighborhood of z=—-x?, 


Lemma 4,11, In the neighborhood of the singular point z=— the opera- 
tor t(z) admits the representation 


t (z) = (z+x’)-1¢+t(z), (4.38) 


where e and t(z) are defined on » for all the z in question, and ¢ is sym- 
metric. 
Proof. We use the following representation of r(z) in the neighborhood of 
the isolated spectrum point of h 
r (z) = -{x? + z)"' p+ F(z). (4,39) 
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Here p iS a projection operator on the subspace corresponding to \=—-+x?, 
and #(z) iS an operator which is bounded for z-—»? and analytic in z. The 
ranges of p and f(z) lie in bd. Formula (4.38) follows from the expression 
(2.8) for t(z) in terms of r(z), with 


c—=—vpv; t(z)—v—vrF(z)v, (4.40) 


and these operators possess the required properties. This completes the 
proof. 

Lemma 4,12. The operator e is an integral operator, and its kernel 
may be represented as 


c(k, k’)=9(k) (ek), (4.41) 
where 9(k) is a solution of equation (4.20) for z=—*’, normalized by the 
condition | 

fe (s+) 9 dk=1. (4,42) 


Proof. The projection operator p is ar integral operator with the kernel 
p(k, k= $k) y(k), (4.43) 


where $(k) is the normalized-to-unity eigenfunction of h that belongs to the 
eigenvalue —x?. The lemma follows from (4.27), (4.40) and (4.43). 


Lemma 4,13. The kernel t(k, k', z) has the following representation 
k) 9 (k') 
t(k, Ki, zy = TO) 4 o(k—k) + 
g2 : g2 4 g? : 
+-[t(k, q; 3 + 10)(f- —2) t(q, k’, © 10) dg. (4,44) 

Proof. We note that the kernel ¢(k, k&, z) is for fixed k and k& an analytic 
function of z throughout the complex plane except at z=-—-»? and at the slit 
along the positive real axis, where it has continuous limiting values. Ac- 
tually, passing to the limit in (2.17) for z,~z,, we obtain 


d 2 —2 
ztlh kK, y=—ltk, g 2)(g,—2) ta & ada, (4.45) 


and the integral on the right-hand side is easily estimated for any admissible 
z by means of the obtained estimates. In virtue of this analyticity, the 
kernel t(k, k’, z) may be written 

t(k, k', z)= : fh Fe) ds, 


‘Qni s—t 
T 
where the contour 7 consists of a circle of radius e¢ around the point z=—-? 
and a contour which runs along the slit at a distance e« on both sides and 
widens into a circle of radius R around the origin, which closes it. The 
integral along the small circle reduces in the limit for e+0 to 


1 t(k, ks) 7 elk eR) 


a0. 2 s—z zt x2 


° (4,46) 


t 

| 84x? |= 
Since all we know about the behavior of t(k, k’, z) in the neighborhood of 

z=-—»? is the assertion of Lemma 4.11, we proceed as follows in order to 

prove (4.46). We take two smooth finite functions f(k) and f’(k) and consider 


the function —— 
t (s)= | F (kt k, k, s)f(k)dkdk' = (t(s)f, f). 
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Since on the functions of >) the operator t(z) is uniformly bounded in z, 


ef ttf Catia MEP 


eaaiee: 
(eh £) £ ) 


= 2Qni = Qni — | F(k) 9 dk | FB) ¢ (ke) dk, 
which entails (4.46) on account of the arbitrariness of the functions /(k) and 
f'(k). Let us now examine the contribution of the second contour. Using 
the asymptotic estimate (4.35), we find for the integral along the large 
circle, in the limit for R>o, the value v(k—#). The integral along the 
lines running along the slit is evaluated by letting them approach the slit. 
The expression t(k, k’, s+-i0)—t(k, k’, s—i0) which then appears may be re- 
presented by means of (2.17), substituting there z;=s-+ ie and z,=s—v/e and 
passing to the limit for e—0, 

t(k, k’, s+-i0)--t(k, k’, s—i0)= 


=tip | ea, q; s+ it) tt} — t(q, k', s—ie)dq= 
s—>0 


x -s) + ¢2 


= Pri fe (bs 9 $2 i0)0($5 —8) (9, Bg = de 


Collecting the various contributions, we obtain (4.44). This completes the 
proof, 
Lemma 4,14. The functions 


12 
fP(k, ky=t (k, k', #10) (4.47) 
satisfy the estimates 
(Pk, kK <CU+ [kK I 
\{P(k+h, kh) —tP (kh, ky < 
KCl [kk yA HAL (4.48) 
where v can be taken as close as desired to >: 
The proof requires only a Hélder-type estimation with respect to k’. We 
have, for example, 


E (k, k, oo i0)—t(k, k, J. i0)|< 


<CI+|[k—k | PM gy P+ lg)? Jal’. (4.49) 


We may take o>+ in (4.49); the increasing factor (1+ |g|)” is offset by 


the denominator, Substituting k’=qgq in (4.49), we obtain the estimates (4.48). 
We now possess all we need to prove the following theorem: 


Theorem 4.2, Let conditions As, By, R and C be fulfilled with > > and 
>> Then the kernel t(k, Kk, z) may be represented in the form 


t(k, k’, zy =P OPE) Fk, k, 2), (4.50) 


where ¢(k)Em(1+%&, »,), and t(k, k, z) satisfies the following estimates uni- 
formly in Tl, 


|é(k, ky zz) C(l+ | k—k |); (4,51) 
\i(k-+-h, +H, 2+A)—ilk, kK’, z)|< 
<C(l+|k—k' |) * [Al fa’ Pf AL, (4,52) 
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and 6, », v may be made as close as desired to 4, p, 7 respectively.. Fur- 
ther, 
ae ilk, K. 2] CO+ [kK | | 2 (4.53) 


for Re z<—1. 

Proof. We apply the representation (4.44) derived in Lemma 4.13 for the 
kernel ¢(k, &, z), and let f(k, &, z) stand for the last two terms of (4,44), It 
only remains to justify the estimate for the integral in (4.44). We may write 
the numerator of the integrand in the form 


t (k, q, J+ i0)t(k, q, £- +10), 


by virtue of the symmetry condition (2.15) for the kernel ¢(k, &, z). The 
estimate now follows from the lemma on Singular integrals and Lemma 4.14, 
exactly as the estimates of the iterations of equation (4.1). 


§ 5. General treatment of the kernels Oa (k, p; k’, p’; 2) 


In this and the next two sections we will examine the behavior of the 
kernels W,,(k, p; K, p's z) of the operators W., (z), defined in § 3. Our basic 
tool is the system of equations (3.15), derived for these operators in § 3. 

The investigation is conducted along the same lines as in our treatment 
of equation (4.1) in § 4, that is, our task is divided as follows. 

(i) Obtaining suitable estimates for the iterations of the system of equa- 
tions (3.20). 

(ii) Finding a function space in which these iterations are contained, at 
least from a certain order onwards, and such that the system of equations 
(3.20) can be written as an integral equation of the second kind in terms of 
its elements and operators. 

(iii) Investigating the associated homogeneous equation. 

In the present section we for the most part only state the results, rele- 
gating their proofs to the next two sections, 

It is asSumed everywhere that conditions Aa, B,,, R and C are fulfilled 
for the three potentials v,(k), 7=23, 31,12. We denote by —»? and 9, (k) the 
discrete eigenvalue and the normalized eigenfunction of the h-type operator 
with m, and v,(k) standing for the mass m and the potential v(k). The kernel 


of the operator t,(z) is noted by #,(k, &, z), and », (y= (— +2), (k). 

We start with the description of the iterations of equation (3.15). These, 
we recall, may all be expressed by means of the operators Q™ | (z), intro- 
duced in §3. There we have also written down the following expression for 


the kernel of the operator Q%,,(z) which appears in the first iteration (cf. 
(3.19)): 


2 
me ’ Pj 
OS, a (ky Pi’, D's 2) =tyy (ken ee ma Ps 2— 2) x 


- , 2 —1 2 
Pi (P,, Po) Pe my Lee Pe ) 
ie ee ee 


This kernel is seen to behave properly for complex z with Imz-40 and to 
possess several Singularities for Imz~0, some of which have their origin 
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in the singularities of the kernels t(k, &, z) and ts, (k, &, z) involved in this 
expression; in(5.1) we have, for example, a term of the type 


k ; 
—te Fr) 1 si (Pus &, P's 2), (5.2) 
s+ 435 — G, 


where 9 ,,(p,; &, p’; z) is continuous in the neighborhood of the singularity 
of the denominator. In addition to this term with a singularity of the 


2\—1 
type (2+, 2) , there appears a term with a singularity of the type 
1 


2 \—1 
(eae 7 and a term which contains the product of these two singula- 
2 


rities. It is characteristic that (5.2) depends on k,, only via P23 (Kes), Si- 
2 \ 1 


milarly, the term with a singularity of the type z+ 3, — ot depends on 
ki. 
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only via 9,(ks,), and the term with a singularity of the type 

2 —!] 72\—l 

Esa Gaus depends on k,, and ky, only via 945 (kes) 5, (Ks,)- 
2 

These will be referred to as the fundamental singularities. 


In addition, there appears in (5.1) another singularity which is due to the 


’ 2 
ops . Py, P 
vanishing of the expression {ey Pa), Pa 


2 
st —z. The position of this sin- 
m3) m3 mo 

gularity depends on the magnitudes and directions of the variables p, and p,. 
We shall call such singularities secondary. They turn out to become 
weakened and generally disappear with increasing order of iteration. 

In order to give a rigorous formulation we introduce now some necessary 
definitions, A kernel @(k, p; &, p’; z) is said to be of type Q., if it may be 
expressed in the form 

Q(k, p; kK’, p's z) =F (k, p; Kk, py z)-+ 


+ J (k, P3 Ps; z) oO) + F(p,; k', p's z)+ 


p 
£98 — iy r+ %— 
a (ku) #9 (Ka) 
+E HB (Pi Pas 2) SS (5.3) 
a Pp 
+41 — 3, 2+ Fy 


The kernels J (k, p; k, p's z), Fk, p; Pas 2), I (p,; k’, p'; z) and A(p,; p,; z) are then 
called components of @(k, p; k’, p'; z). A kernel @(k, p; k’, p’; z) of type Q,, is 
said to belong to the class Q,, (8, wu) if the kernel ¢& (k, p; k’, p'; z) satisfies the 
following estimates 


| F (k, ps k, p's z)|< CM (k, p; 9) (1+ py; (5.4) 
| F% (k-+-h, p+l; k'--h, p'+l, z+A)—a (k, pk’, P 2I< 
<CN(k, p; ) (1 py} LAP [Lea Peta, (5.5) 


and if the kernels &/(k, p; py; z), SF (P,3 k', p'; z)and #(p,; pz; Z) satisfy the esti- 
mates obtained from (5.4) and (5.5) on setting respectively k,=0, k,=0; and 
simultaneously k,=0 and k;=0. The estimating function M(k, p; 9) was de- 
fined in (3.23). 

The kernels of the operators Q™ | (z) are studied in detail in§ 6, where 
the following result is proved: 
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For n>4 the kernels Qs gk, ps kK, p's z) of the operators Q(z) 
belong to the classes Q,,(8, i) with certain indices 6 and i, i>, uniformly 
over any finite region of the complex z-plane, denoted by I_» to indicate 
that it ts slit along the real axis from the point —x*, where %=max(x3,, x2, 2,), 
to «0. When |z|>o, the constants in the estimates of the type (5.4) and 
(5.5) cannot increase faster than some finite power of |z|. 

Let us now describe the function space in which we intend to study the 
system of equations (3.15). We consider several classes of functions. A 
function p(k, p) is said to be of class M(6, p) if it satisfies the conditions 


p(k, pP)I<CN{k, p; 9); (5.6) 
[p(k-+-h, p+l)—ptk, pliI<CNk, p; 9)(jA|*+-|1]P). (5.7 ) 


A function o(p) is said to be of class M(6, p) if it satisfies the conditions 


[o(p) |< C(1—+-|p |)-*; (5.8) 
|o(p+ l)—9(p)|< C(1+- | p |) | ZF. (5.9) 


The function (1-+]p])—@+® in (5. 8) and (5.9) is adjusted so that 
(1 |p, |PO%9 N(k, p; 9) |... does not vanish and is uniformly bounded for any p,, 
so that the estimating functions (1+]|p,|)-G+® and N{k, p; 9)|r.-0 are equivalent. 
Consider the set of elements w, consisting of the totality of ''sextets" of 
functions 


» = (p25 (k, p), Psi (k, P), Pi2(k, P), 91 (Pi), 92 (Pa), %3 (Ps), 
where p,(k, p)\EM (6, p) and o, (p)\EN(S, wp), a= 23, 31, 12. This set will be a com- 


plete Banach space, which we designate @(0, p), if the norm of w» is defined 
as re ya 
oH, p= Ssup {1+ |p [#9 fo, (p,) | Ree ee Pat) 


- a(k +h, p)—p,(k, 
+-(N (k, ps | fea(k, pple EA Bem eal pl 


| Pa lk, p+ l) — palk, ppl 
Le is |} 


The functions p,(k, p) and o,(p,) will be called the components of the element 
». In the following we shall often use the function 


Pa (Ka) On (Pa) 


2 
Pat, ee 
z+ ht Qn. 


Xa(k, p; z) =P. (k, p) + (5.10) 


formed from o,(k, p) and o,(p,). 
Consider the operator A(z), defined on the elements w of @(, p) by 


wo’ = A(z)o (5.11) 


which means explicitly 


; 
p, (k, p=—Va(k, kis Zz =) te x 
om * On 
x Six, pis z)dk'dp’s (5.12) 
Bea 
’ eT TTT 8 (Pu — Pa) 1 1 1p 
x)= — | Bia Saute, 0 z) dk'dp’. (5.13) 


War ag 


Here p(k, p) and o)(p,) are the components of w’. 


29 


By adding (5.13) multiplied by 9, (k,) (2-+2—F*), to (5.12) and denoting 
the function formed from p,(k, p) and o/(p,) according to (5.10) by x(k, p; z), 


we obtain 
2\ 38(P,—p, 
X.(k, P; o=—|a(2, ks 2-4] nee, x 
is aS 
2m a, * 
x PALS p’; z)dk'dp’. (5,14) 
Ba 


If Jmz0 and a>s, then yx,(k, p; z)@H and (5.14) may be written in the form 
Xa (2) = —T, (2) Bi (2) 3 15 (2). (5.15) 


We observe that the operator A(z) is closely associated with the system 
of equations (3.1 5) which we will study. This somewhat crude derivationhas 
been necessary for the step-by-step examination of the fundamental singu- 
larities of the kernels UW alk, p; k’, p'; z). 

We reduce the study of the system (3.15) to the investigation of a second- 
kind equation in the space @(6, p) with the operator A(z). We consider instead 
of the operators W., (z) the operators W., (2), obtained from the former by 
subtracting the first three iterations of (3.15) (cf. (3.21) ). 

The system of equations for the operators W, 3(Z) has the form 


W,, 2) = W3(2)—T.()R, (2) & Wya(2), (5.16) 
where 
W2 = (z= a Q serty (2). (5,17) 


The kernels &@7®(k, p; k', p'; z) belong, by the above proposition anticipating 
the analysis of § 6, to the classes D5 (6, i). Their components are denoted 
by FQX(k, p; k’, p's z), A (k, P; Pg 2), I (p,; k’, p’; z) and #9 (p,3 Py; z). For fixed 
B, k’, p’ and z, the totality of kernels #M(k, p; k’, p’; z) and GF) 5 (Pa *', p's Z) may 
be regarded as an element in @(6, »), <4, »<fi. We denote this element by 
wf) (k', p's z). We similarly assign the element o)(p,; z) to the totality of 


kernels IM (k, P; Pg Zz) and HO (p,; ps Zz) with eee B, pp and z. The estimates 
of the type (5.4) and (5.5) now become 


JOR, P's Diy KCUz)A+y yr; 
| wo) (k! + hi, pol’; z+ A) — wf (k’, p’ Z) lp, << 
<C(\z|)(l-e py yA LA a ae a]; 
JO (ps Ze. p< C(z}) (1p, ); 
Jos (Pa Es z+ A)— of (P55 2) hp, wy 
<C(lz 1+ ppl + [4]. 
Here 6<6, y+p=28. 
Consider the following equations in @(6, »), with 6<6, p<a, 
wg (k’, p's z) =o (k’, p's z) + A(z) o,(k’, p's z), (5.18) 
©, (Ps Z)—= of) (pgs z) + A(z), (py; Zz) (5.19) 
Let these equations be solved for some z by an w(k’, p; z) and an e (Pgs z) 
in (8, »). We denote the components of these elements by F alk, p; k', p’; z), 
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Fag (Pas k’, p’'; z) and F,5(k, p; pgs Z), Hog(P.s Pgs Z), and consider these kernels as 
the components of kernels CO ag (k, p; k', p; z) of the type 2 
verified that these kernels satisfy the equations 


WD aglky Ps Ki, pis 2)= WY (k, ps ke, p's 2)— 


az «st 1S easily 


kb” 
Ol om tog Em 


: 8(p. — p. ve 
“ t (x Le Z| etl SD gh hs W wls z)dWedp’. (5.20) 


If Imz+0 and i>5, then, aS was shown in § 3, the integral operators 


W.,(z) with these kernels are defined on 9, and the system of equations 
(5.20) may be expressed in the form (5.16). This step reduces the investi- 
gation of the kernels 2%7,,(k, p; k’, p's z) to examining the solvability of the 
equation 

o = 0 — A(z)o (5.21) 


in the Space (6, p). 


This problem is analyzed in §7, and the main result may be stated as 
follows: 


Let OES, wp), wig, <6. Equation (5.21) has a unique solution in 
Bs, ») for any z in the plane ll», excluding a set of points z=, on the real 
axis which constitute the discrete spectrum of H. We may take 6 and » as 
close as desired to ¥ and w'. The solution satisfies the estimaie 


lle yp CEU zo lle a, (5.22) 


uniformly in z over any finite domain containing none of the singular points 
h» The set {i,} ts denumerable, closed, and bounded, and may only have 
limit points at —, a=23, 31, 12. 

The statements made so far in this section (to be proved in §§ 6, 7) may 
be summed up in the following theorem: 

Theorem 5.1, Let the conditions As, B,,R and C be fulfilled for all the 
three potentials v,(k), «=23, 31, 12, with 0. > 5 and ii Then the W.,(z) 
defined by (3.21), (3.22), (3.17) are integral operators whose kernels 
2. (k, p; k’, p’; z) belong to the classes Q,,(8, +) with certain indices 6 and », 
whereby we may choose 1>4-. Estimates of the type (5.4) and (5.5) hold 
for these kernels uniformly in z over any finite region of the complex plane 
[]J_«, slit along the positive real axis from the point —x2 to «, provided 
that this region contains none of the singular points i, — the discrete spec- 


trum of H— nor certain neighborhoods of them. The set of singular points 
h, lies ina finite interval, is denumerable, closed and may have as limit 
points only the points —v?2, a=23, 31, 12. 

Along with the kernels ¢,,, Fags Gag and og (here written for brevity 
without their arguments) which serve to construct aj in the manner of 
(5.3), we Shall also need the kernels 

Hay (ky P Pgs Z)=Fag(ks Pi Pp eae FE .3(Pai Pai Z)3 (5,23) 


Oo) a 
Z+ hk — 
a 6 2n, 


Hh ag(Pas K', D's 2) = Gag (Pai K's p's 2) Hg (Ps Psi 2) ————g—-_ (5. 24) 
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We denote by oY and o% the kernels formed ina similar fashion from 
the pairs ¥%, #Y and 70). #%%, consisting of components of the wo), It is 
obvious from relations similar to (5.3) for the @%,, that in order to “define 


the AR or Hag it is necessary to Separate in Ds the terms which are 
. 2 


; Pa : 
singular when z+ — 0 or im eee, ei 0, respectively. It turns out 
that the kernels #., and Hag may also be formed from D4 in a different 
way, indicated in the following lemma. 


Lemma 5.1. The following relations hold for any z with Imz~0 


Ya (& 1 
ac p; k’, ps 2) — ae, = og, P; Py 2) 5} (5.25) 


“Im * In? 2438 JR 

b. (k,) 1 

= a p; k, p'; z)dk,= = 5 ob og (Pa k', p's z). (9.26) 

oa on r+ 3, 
Proof. We first prove that 

Pu () 

ft(k, &, 2) xz § (k’) dk’ =; a= 23, 31, 12. (5.27) 
2 a 


(We omit the index a for convenience.) The function ¢(k), we recall, is 
an eigenfunction of h whose eigenvalue is —x?, so that if r(z) is the resolvent 


of h, then 


r(z)}=— > p. 


Let us write this relation explicitly, using the expression (2.10) for the re- 
solvent r(z) in terms of the operator t(z) with the kernel t(k, k’, z). We 
obtain 


a) oe (2) fem es af 2) verde 6.28 


z 


Multiplying this by oz and collecting terms, we obtain 


92 —1 k k 
feck, &, (Fz) o@yae=(H +0) 1, , 
which is exactly (5.27), since e(k)=(5- +») (0. 


We now replace in (5.27) z by z and take the complex conjugate of both 
Sides. After Simple changes of the symbols of the variables and using the 
symmetry relation (2.15) for t(k, k’, z), we obtain 


[7.6 (E —2) 2, &, 2) dk = te ®)_, (5,29) 


z+ 22 


Let us show that the Wo), AY and of) satisfy relations of the type (5.23) 


and (5.24). We note that the kernels ry may be represented by an integral 
of the form 


2 2 
fa a KY, 5 as t, (14, k;, on a: ) ald ; dk “dp, (5.30) 
No Ng 


We have written explicitly those factors of the integrand which determine 
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the dependence on k, and kx, The kernel oY may be represented by a 


Similar integral in which the kernel ¢,| ki, k, ee) is replaced by the 
™p 


function (Kf). 
—1 
We multiply (5.30) by (X42 + —— — — 2] ?,(k,) and integrate with respect to 


k,, All the integrals converge eae when Imz0, so we may change 
the order of integration and integrate first with respect to ky. By (5.27), 


2 


re. | is then replaced by the function 9,(k{*) zZ—-+-x8 — 
+2 


-1 
= a2 , which leads to a relation of the type (5.25) for the wo and of. 


One ean Similarly derive a relation of the type (5.26) for the Wo and of"), 


the kernel (us, ka, z— 


by multiplying (5.30) by 9,(k, )(—- +E — z) integrating with respect to k, 


and applying (5.29). 
We must still prove oe relations (5.25) and (5.26) themselves. Multi- 


—1 
plying (5.20) by == - —2) },(k,) and integrating with respect to k, we 
find that the kernels 
1 
M glk, Ps Pi: 2)=| Drag lk, vs Ki, p's 2) (H+ 2 — 2) p(k dhe 
satisfy the equations 


Ng (k, P; Pes z)= oO (k, P; Pei z) —__——_—;-— 


2 
aaa leas aay 


—fz(k, k’, prs) i oe ee ool SM p(k", P's pg z)dk'dp". (5.31) 


2m +3772 = 


It follows from the properties of the D.. that the Mag may be represented 


as 
?a (ka) 08 (Pa Pai 2) 
Nag (k, Ps Pgs Z)=Pag(k, Ps Pgs Z)—- alee” sete. 
2n, 


where p,,€M(, p) and o,E€N(8, ») for fixed B, p, and z. By definition of the 
kernels A and equation (5.19), it follows that the system (5.31) is also 
2 \—l1 


2 
zu 


Satisfied by the kernels o%',,(k, p; py z) (. +g 2] « Relation (5.25) then 
B 


follows by virtue of the uniqueness of solution of this system within the con- 
sidered class of kernels. 
To prove (5.26), note that 


Hg (Pas K, P's 2) = AO (ps K, p's z)— 


~ {#5 ie Se, (k", p"; k', p's z)dk"dp’, (5.32) 


2m * In 2 THe 


by definition of Hu, J, and %,. We multiply (5.20) by $,(k.)(— +f _ 2)", 


integrate with respect to k,, and in view of (5.29) and a relation of the type 
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(5.26) for the kernels @® and o%®), find that the kernels 


p2 


Mog (Pas *', P's a Ee te (Fe) ©, (k, p; k’, p’; z)dk, (5.33) 
2m * 2n? 


satisfy the relations 
Mag (Pas *’, D's )=———- #9 Pik’, ps z)— 


2 
z+ —_ 
= 


—|\ °.@— oe a oe By D,(k", pls kl, p's 2) dk'dp". (5.34) 
“2m + on? ag 
Comparing (5.32), (5.33) and (5.34), we obtain (5.26), 
This completes the proof. 
Lemma 5.2. The following relations are valid 


HM ag(ky Ps Psi Z)= 8 pa (Pgs K, Ps 2). (5.35) 


Proof. We make use of the symmetry relations (3.32) for the kernels 


Ur a9: It is easily verified that similar relations hold for the Da too, viz. , 


WD aglk, Ps Ky p's 2)= Wy lk, p's k, pi 2). (5.36) 
We replace in (5.26) z by z, interchange a and 8, and also interchange the 


primed and unprimed variables. Taking the complex conjugate of the new 
expression, we get 


kK? 


zor + 5 Zz 2 B 
2m 2n z+ %,— 9 


97° (Lk) Gy J ___*e (4s) ef rs 1 
| ®-@ P; k, P; 2) dey = of», (Pps k, P; a Yar (5.37) 


Comparing (5.37) with (5.25) and keeping in mind (5.36), we infer (5.35), 
which completes the proof. 

The relations (5.25), (5.26) and (5.35) will be applied in §9. To conclude 
this section we now show that the assertion made in § 3 concerning the be- 
havior of the kernels @ (k, p; k',p’; z) for Imz0, follows from Theorem 
5.1. To this end we have to show that the estimates (5.4) and (5.5) are valid 
for the complete kernel WD walk, p; k’, p’; z) and not only for its component 
F ask, p; k', p'; z). Consider, say, the kernel 


» ky G 
oe os, 31 (P13 k', p’; z). (5.38) 
. 1 
ede a 
For Imz0 
( +- x? Z a 
Zz 23 2n, eo | Im z | 
and 


P03 (kos) Ss, nas ky ps z)|< CL + | Keg [WF (1 + | p, 779 X 
x (Ley SCA |p, er (1+ |p, er (1 py) < 
<CM(k, p; 0)(1-+ p;’)™. 
We have uSed here the estimate 
| Fos, (Ps k’, ps z)|\SCO+|py Cr) (Lp yy 


which is valid for & 3, for any z with Imz-40, since the singular points are 
restricted to the real axis. Thus (5.38) satisfies an estimate of the type 
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(5.4). The remaining estimates are similarly derived, so that the assertion 
made in § 3 may be considered to be proved, 


§ 6. Estimates of the kernels QO) os (k, ps k’, p's z) 


In this section we shall study in detail the behavior of the kernels 
Q” eu tk, Ps kK’, p's z) of the operators Q(z), introduced in §3. Let 
Yi, «+> Ing, DE a Sequence of n-+1 indices, each of which runs over the values 
23, 31, 12, while 7,-y i=1,..., a. The operators Q”” sine, (2) are de- 
fined for Im z0 by 


Q” ene, (2) =(—1"T, (z)R, (z) T,, (z) --- T,, (2) R, (2) T,,,, (2)- (6.1) 


These are integral operators, whose kernels we will denote by 


GQ” oa, (Ky Ps k, p's z). By the definition (6.1), these kernels are represented 
by the integrals 


5 — 7) 
QO nar PEK, pls z= (—19" | t, (k,, ko, 2— fe) re Bo 


s+]? 


Tres 


Tires s> Tres 2n RO? (1)? 
2m * 2n 
$ (p” ae ) 12 
Tne Tne A : < 
Rin? 7 po bat (un, Kina’ oo ae dkMdp® . ‘ . dk dp! ), (6.2) 
Poids Int 


Ont On 
In order to investigate these integrals we must first derive some esti- 
mates of the kernels f¢, (k,, ky Z —) 


Lemma 6.1. The kernels t, (x, k', z a may be vepresented in the form 


; a k a (ka 
tilbg by ge) een, 


z+%u— 


u(k,» Kis P,3 2), (6.3) 


where 9,(k)Em(4,,.p,) and u,(k,, k., p,; z) satisfies the estimates 


\s(kas Kis Pos ZX Cil+tk,— ke jy rh); (6.4) 


u,(k, +h, kh’, py z+ 4)— u,(k.» a z)I< 
< C+] k,— Ky OM paste jaye yay |; (6.5) 
|us(kys Ky Pat ls z)'—u, (kj, ki, P,3 Z)\|\< 


KC +12)? 1+] ke, — kp Or rp, (6.8 


and 6’, », and v are less than, but as close as desired to 6, », and = 
pectively. 

Proof. We use the representation (4.50) for the kernel #,(k,, kj, z) and 
write 


= ne A oo 


2 
u(k,, ki, ps z)=t ata k., 2—f), (6.7) 


All the assertions of the lemma, except the estimate (6.6), now follow direct- 
ly from Theorem 4.3. To prove (6.6) we consider the two cases 
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1, pi<4M|z|+1, where M=max(m,, m,, m,). Then we obtain with the help 
of (4.52) 


[a.(ke Kis Patel; z)— a, (k,, ki, ps z)|< 
KC +] k— kif OMY (p+ DP ptr < 
KC +|k,— KOM [a prar< 
<CA+lel)*d +[k—K prey rp. 
2. p)>4M|z|+1. Then 


fe 


and hence, using (4.53), 
| 2.(Ker Ke Pr+ 8 z)— a, (k,, ki, Ds 2z)(< 


2 —!) 
Pe 
2a, ) S 


SCO +k — ky Op iti (1+ 


<C(L+) ky OO) 1, 


This completes the proof. 


In all the estimates of this and the next Section we uSe only those proper- 
2 


ties ot the kernels t.(k, k, ers) which are Summed up in the last lemma, 
The primes on yg, and 6 will be omitted. 

Let us now examine the behavior of the kernels Op A (5 p; k’, p's; z). The 
8-functions account for all the integrations in (6.2) when n=1, So that the 


kernels @W(k, Pi k’, p’; z) may be expressed explicitly by means of the 


t(k., kk, z— = . Such an expression for @®,, was given before in § 5 (cf. 


(5.1)). Here we start with the kernels @, ,. 

We take for example 2=—23,8=31, y=12 and, in order to avoid encumber- 
ing the formulas, we omit the indices and denote temporarily the operator 
Q® 5..12(z) by Q(z) and its kernel by @(k, p; k’, p’; z). Taking the integration 
variables in (6.2), with n=2 and 7,=23, 7%,=31, 7;=12, as pM, pY=q, p®, p®, 
we obtain the following expression for @(k, p; k’, p’; z) 


2 

a ec 
Q(k, p; k’, p's z)={ tes (has, a Remco ee! ot i ) x 

2 —1 
1 mo Py 
x [ads (9+ Me + m3 p,) + = - 
my ' m3 _ FF 
X ty (2, + = q> PS ag ny q; Zz x) x 


2 72 —l 
1 mo ] Pz a | 
x i (4 a m,+my Ps on # x 


2 
’ P3 
x Lig (, ee a Pst Kies Zz = dq. 


Substituting here the expression (6.3) for ts and ft», we deduce that the 
kernel @(k, p; k’, p's z) isofthetype Des... Wedenote its components by J, &, G 
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and #. Now J (k, p; Kk, p; z) has the representation 


F (ky pi k w's 2)= [tra (ke, —9— a py 2 Ft) X 


Mm, + mg 


3 —l 
1 ac a Gene Oe 
x Ee (q+ mM, + M3 P:) On | ‘s 


my ’ msgs 
as (Pi ne mg + my, q #5, (Ps — my + m, 7) 


z re 


=4 
1 Me \2 Ps 
es Ps)  On5 | A 


2 
a ' P 
x le Py Kiss =) dq. (6.8) 


my a 


The corresponding expressions for §, 9, and # are slekdotasi by replacing 
here respectively é,, by AG +71 — pi); fi, by %5(—9 — 
both simultaneously. 

The integral (6.8) consists of two terms, one of which contains in the 
integrand a product of two, and the other of three generally singular deno- 


minators, Some of these factors are singular in different parts of the do- 
main of integration. We have, for example, 


P,); ; and doing 


a. 


2 
1 ms 3 P} 3 gq | __ 
| 3s (9+ mz + mg P,) +f _.|+[2+4,-¢ je” 
— 1 my . q? 2 FF — 
a E= (p, = mg + my, q) + re ae z|+[z aes 5 . 


x | 2 
air ata Yas 6.) 


We have applied here the formulas which relate the k-type and p-type 
variables (cf. §1). Similarly 


ps (o-+ tp) +f —2|+[2+-4, 2] = 


1 ’ 2 
= Omg: (p+ aa q) H+ 5, 2 5. (6.10) 


We observe that the left-hand sides of (6.9) and (6.10) cannot vanish simul- 
taneously. 

If the variables p,, p, or qg are sufficiently large, then the denominators 
in (6.8) are not singular. Thus let, for example, 9g?24M|z|+1. We then have 


ee __m poe =|1(242)p+ 
2mog q Me, + M3 Py 2n, os ane = ( mg my Py 


(p1.9) , 1/1 1 P| q? 
+O, 1 (1, 1) 92/5 ame to 
3 
2 P} 1 
~ (s+ ne |21) > aa (Pit e+ I). (6.11) 
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It is evident from the derivation of this estimate that it is also valid when 
p? >4M|z|+-1. It may be deduced similarly that if 9g? 2>4M|z|+1 or 
p; > 4M|z|+1, then 


1 


> ig (e+e; + 1). (6.12) 


ae Spat aig Ohm 
2mj45 q m,+mo Ps 2n3 


Finally, if q? >4M(|z|2-*)+1, where x°=max(x%), then 


2 @ (1 
Jz+3,—2|> zy (1+ 9°). (6.13) 


Let uS now examine the properties of the numerator in the integrand of 
(6.8). All the functions appearing here are Holder functions with an index 
not less than the v of Lemma 6.1, The following may Serve as an estimating 
function for the numerators of both terms 


3y 
(1-+-|z[)°(1 + |p,— pi|y oP A+ |p. — gy x 


[1+ | pe ge pi + (1+ |g — py], (6.14) 

This is obvious for the first term, since the product of the estimating 

functions for each of the factors in the numerator 
» 3 
la +-|z D3 (1-+-|(p,— 9 |)-O4+) (1 + |p, + 9 + py |) O*) (1 + | g — p,})- Or) 
may be estimated by (6.14). In order to show that (6.14) iS alSo an estima- 
ting function for the numerator of the second term, it is Sufficient to apply 
the elementary inequality 
(1+ |e) Pd +e IP << C+] k—k' ly’ 


to estimate the product 


my ’ ms 
m3z+my, q) P31 (—p; e m3g+ my, 9) ’ 


P31 (p, ae 


appearing in this numerator. 
We turn to the estimation of the integral (6.8). Let (9?) be a cutoff func - 
tion 
‘ 1 g<4M\|z\+1 
n@)=| 0 g?>4M|z|+2; 


O0<nQ<h IW@MI<C. 
We Split ¥ into the sum 


F =(a(q){---}dq+](1—a@M.--) gH F1 4+ F>, 


We do not write here any of the arguments, and the dots in the braces stand 
for the whole integrand of (6.8). 

The estimation of the kernel #, presents no difficulty. By (6.11)-(6.13) 
the denominators are nonSingular within the domain of integration, and we 
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have . 
iv 


| 2 (k, p; k', ps z)|<C(1+|z\)? (1-+| p, —p; Via x 
a ja p+ vy (1+-¢ +p)” (i + | | q|) ar m4 
x re += | Py + + p, [)—a+%) +(1 age | g — p, Vigil dq < 


3y 


< Ci + | y I)? (1 + | P, ae P; jae (1 + p?-+-p.) x 


ye +R 


x {a + qt (1--| pp, — g{)-O+) [((1 + |p, + 9 +P, 
+ (1+ |q—p,|) or") dq. 
Here we applied the obvious inequality 
(1 +a? + x?) (1+ x? + by << (l +a? + 6°) (1+ x)" 
The integrals on the right-hand side have the form 
I(a, 6)=| (1-9?) (1-4 lg — al)" (1 |g — b))-“dg. 
These integrals are shown in Appendix II to Satisfy the estimate J/(a, 5): 
(a, |< CW+fa)y-’,  6<2. (6.15) 


Thus we finally obtain for #, 
\Fo(k, ps ky ps DIK 


<C(1+|2|)* (1+ |p, — pi |) OT” (1 [pO (1 ee yy, (6.16) 
where A= >. In the following sections we Shall constantly deal with esti- 


mating functions which increase aS a power of jz| aS |z} +o. In all Such 
cases, we write in the corresponding expressions the factor (1-+|zl)*, without 
Specifying each time the value of A. 

The Holder differences of the kernel ¥o(k, p; k’, p’; z), withindex »v, with 
respect to all the arguments, also satisfy the estimate (6.16). We finally 
conclude that the kernel %.(k, p; k’, p’; z) is a Hélder function of all its varia- 
bles with index v and the estimating function 


(1-+-|z{)*(1 + |p, —pily OP + [ply OF" (1p? py. (6.17) 

Let uS now consider the kernel ¥,(k, p; k’, p'; z). The estimates for this 
kernel are considerably simplified when p, or p, are Sufficiently large. Let, 

for example, p?>4M|z|+1 and p, <4M|z|+1. Then the first denominator in 


(6.8) is nonsingular. The product of the other two denominators in the 
second term of (6.8) may be written in the form 


a ee ee 
2m}o ie m, + mo ps) * 2n3 - 
The first factor is uniformly bounded, We have thus reduced here the inte- 
gral (6.8) to a Sum of integrals with a Single denominator, i.e., to ordinary 
Singular integrals. 

AS an eStimating function for thenumerator we may take 


(1 |21)* (1 ep, — pil) OP gly 


1 
x Punata Pen a ER sae neers tere een a= | (6.18) 
no 
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This follows from (6.14) seeing that |gj has in the domain of integration a 


bound of the order (1-+|z|)". In the integrals containing = (q+ a Sa p;) + 


a 2mya 
ry | 1 
po oieg | , the integration variable may be changed by substituting 


q =q+ aS Ps 


where |gq'| is by definition bounded by a quantity of the order (1-+|z|)", like 
lq. By the lemma on Singular integrals, the kernel J (k, p; k, p’; z) is for 
the p, and p, in question, a Hédlder function of all its arguments with an in- 
dex v that is less than but can be as close as desired to v, and having the 
estimating function 


(1+ |z2|)‘(1 + |p, — pi yo (1 + |p) OO (1p?) (6.19) 


The analogous statement for the case p?<4M|z|+ 1, p; >4M]|z|-+-1is proved 
in exactly the same way, with (1-+p?)' in (6.19) being replaced by (1 +p, id ae 


The case p?>4M|z|-+1 and Ps > 4M |z|-+-1 is even simpler. The estimating 
function is then (6.17). Note that if P; <4M |z| +1, then 


(1+ p2y-?< C(1 + [2|) (1+ p3)—* (1-- py J" < C (1+ [z|) (1+ p?+ py) 
and similarly when p?< 4M|z|-+-1, 
(1 ps} <C(1 + zl) (1+ p+ py), 


so that (6.17) is seen to be an estimating function for the kernel @#, in all 
the three cases considered. 

It is more difficult to investigate the case when pom variables p, and p, 
are small, or to be exact, when p?<4M|z|-+1 and. p,’<4M|z|+1. Then it is 
impossible to reduce the integral (6.8) to ordinary singular integrals, and 
we proceed as follows. We rewrite the denominator in the second term of 
(6.8) using the elementary identity 


He Basa 4 Bt Ae Bea (et): (6.20) 
taking for A, a and B the first, second and third denominators. The second 
term here represents a sum of terms with a single singular denominator. 
In the first term we have a product of the same two singular denominators 
as in the first term of (6.8). 

The following function may serve as the estimating function for the nu- 


merator ? is 
(1+ |z|) (1+ |p, — pl) ™. (6.21) 


The integral of that part of the second term in (6.8) which corresponds to 
the Second term in (6.20), is a sum of ordinary singular integrals, and we 
deduce, by the lemma on Singular integrals, that this term contributes to #, 
a Hodlder function with the estimating function (6.21). 

The remaining contribution to J, is given by the integral 


\ [ate ee p,) +g | fk Pp; k’, p's q, z) X 


2mog 


72 =] 
1 2 P3 
x| sb (+57 arr Ps) + Dg. “| dq, 
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where the numerator of the integrand is a Hélder function with index v and 
the estimating function (6.21). This function falls off smoothly outside the 
Sphere g?=4M|z|+1. If we put 


then this integral assumes the form 


d 
I(a, b, E, )= fea a: (6,22) 
It is easily verified that under our conditions the variables a,6,&, y all 
range Over finite regions of the three-dimensional space and the complex 
plane I, such that a?, 5? |&, |y] are estimated by C(1-+4|z|) with some con- 
stant C. 

Integrals of the type (6.22) are studied in detail in Appendix III, where 
the following result is proved: 

Lemma 6.2. Let f(q) be a Hélder function with index » and such that 


f(=0, gaR>1. 
Then the integral I(a, b, §, y) may be represented in the form 


I(a, 6, §, n)=xla— [> {7 (a, 6, §, n)-+ 


seid — + b)In[(r + |a— bP, (6.23) 
where for a<CR, Be , I<CR, |In|I<CR, F(a, 5, §, n) is a Holder function 
of all its variables with ee 4- and the estimating function 


R*|a—b — Al || fl, (6.24) 


Here In(—z) stands for that branch of the logarithm which is single- 
valued on the plane II, slit along the positive real axis and which satisfies 


the condition 
Im In (—w?-+- (0) = —Im In (—w? — 10). 


We have also indicated by a+ 6h the point with the Cartesian coordinates 
a,+9,h,, a.+ 9h, a3+-93h3, where aj, ao, a3, h,, ho, hj are the Cartesian coordinates 
of the points a and A, and 6,, 6, 8 are certain numbers, such that 0<§<1, 
i=1, 2,3. The function |a—b—Oh\-* may be only called an estimating func- 
tion with a certain qualification, since it is singular and depends explicitly 
on Ah. In this Section we shall allow such estimating functions, which pro- 
vides a short cut that spares us the trouble of writing out several estimates. 
To this end we agree to write simply |ja+9h|-* whenever the estimating func- 
tion contains a product of several factors 


ja+-6,A| "' |a+-6,h[-".. . |a+-0,A[-™, 
where the sum of exponents p,,..., », does not exceed p. Further, |, in 


(6.24) is defined as 
ll, = sup {| fg} LE Fey 
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We deduce from Lemma 6.2 that the contribution to the kernel ,(k, p; 
k’, p’; z) that contains Secondary singularities is given by 


F i(k, ps kK, p's 2 z)=| rat p; Kk’, p’, z)+ 


mo mo 
m2 + m3 2 — a — P| 


@ 12 
rdr 1 my my |) P3 | 
eee hile ee + —_— , E 
+ | r2 Pi in| a (- mz + m3 Pl my -+ me Ps Ons 
—— + 


x oS 1(k, P; k’, P; 2, r), 
where <7 ,(k, p; &’, p’3 z, r) and 72(k, p; k’, p’; z) are Holder functions of their 


variables, with the indices v and > and the estimating functions (1+2z) 


mo mo 


and (1+ z)* > Ps a respectively. The kernel c/, can be 


My + m3 Pama ma 
expressed as a product of #,(k,, k, z) and the functions 9,(k,) with elaborate 
arguments, which we do not bother to write out. 

With this we conclude the investigation of the kernel ¢ (k, p; k’, p’; z). One 
may obtain estimates for the kernels ¥, ¥ and # from the estimates of # 
by substituting in the corresponding estimating functions k,,=—0; k,,=0; and 
simultaneously k,,=0 and k,=0, respectively. Any kernel @®, 
dealt with in the same way aS @@,, 1». 

We denote by Q{)(z) the sum of all the operators Q™ | (z) with first and 
last indices fixed: y,=a and Yn,,;=8, viz. 


Qi 2) = ae 0, soo Tne B (z). 


7, may be 


Summation is carried out over the allowed values of ¥,..., ¥,_;.. This Sum 
consists, in the case n=2, of one term if a8, and of two terms if a=B8. 
We have Seen on the example of @%,, ,. that the kernels @% possess the pro- 
perties Summed up in the following lemma. 

Lemma 6.3. The kernels G2 (k, p; k’, p’; z) are of the type Q If 

2>4M|\z|+1 or p, = 4M |z|+1, then the components ¥')(k, p; ve ,P; z) of 

these kernels are Holder functions of all their variables with dees v<v and 
have the estimating Junctions 


(1 aig |z|)* (1 oe IP, —_ pyre p> (1 + |P,| eee (1 + p+ py), ( 6.2 5) 


The components 9%, SH) and #°} possess similar properties, and thetr 
estimating functions are obtained from (6.25) by substituting there in turn 
k,=0; k,=0; and simultaneously, k,=0 and k,=0. These components have 
secondary singularities when p,<4M|z|--1 and p,< 4M |z|---1, 

We next take up the kernels of the operators Q{)(z). Consider, Say, the 
kernel of Q®,, ,, .(z). This kernel will be denoted by @®, and the one exa- 
mined above, by @®@. The corresponding components will be correspond- 
ingly labelled. The kernel @® is of the type 9... Its component #®(k, p; 
k', p; z) has the following representation 


2 wt 
; : Ps \ 5 (ps — Ps) 
FO(k, ps K, ps 2) =\i, (kay My 2-2) ae 
+b 


2n3 


2 


Zt kX, 
23 2n, 


keg) k 
x a p"; k’, ps pgs tel Me ees Pi si Pp". (6.26) 
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We take p}=q and p, as integration variables. The integral with respect to 
the latter variable involves a 8-function and is directly evaluated. We 
Once again represent ¥®) with the help of the step function 7(q’) as a sum of 


two terms 
FO =| 0(q?){.--}dq+ [[1—a@)]{-.-}dg=FO+ TY. 


The denominators in the integral of #? are not singular, and the nume- 
rator is a Hélder function with index vw <vy and the estimating function 


(1+ |p, — gly OP + |g — pil) OP 1 + gery rr < 
<(1+ |p| Or [A + lp, — 9] + lg rp linden fe 
x (1-+-lq— pore 
Using this fact, the estimate (6.15), and the definition of M(k, p; 8) we de- 


duce that the kernel #® is a Holder function of its variables with index v<v 
and the estimating function 


(1-+-[z)) M(k, p; %) (1 p3+ py}. (6.27) 


Let us now consider the kernel #®(k, p; k’, p’; z). The kernels ¥@ and 
9 in the integrand of (6.26) are Hélder functions when p, 224M |z|-+-1. The 
Singular denominators in the second term of (6.26) may be written ina 
different way, as in(6.18). The following function may serve to estimate 
the numerator 


(1 +-|z|)4 (1 [pil OF (1 + [pal OF < (1+ |z|)* V(K, ps %)s 


since |g] is of the order of (1+|z|)* within the domain of integration. We 
conclude from the lemma on singular integrals that #® is in our case a 
Hélder function with index wv <v and the estimating function (6.27). 

For the case p?>4M|z|4+-1 we must uSe another representation for #7® 
which is obtained by expressing this kernel in terms of the kernels #®,, 4, 
J” 055, and fy, instead of fy, F®,,,, and 2, ,, as in (6.26). The case in 
which both p?2>4M|z|+-1 and p, 24M|z|+-1 is still simpler. We conclude that 
if p2>4M|z\+-1 or p; >4M|z|+1, then the kernel ¥® possesses the same 
properties as J®), 

Finally, if p?<4M|z|+-1 and p, <4M|z|+1, then ¥® has secondary singu- 
larities. We shall not describe them here in detail. 

Any component of any kernel #®(k, p; kK, p’; z) may be investigated in the 
Same way as QW (k, p; k’, p’; z). The result is summed up in the following 
lemma: 

Lemma 6.4. The kernels @9(k, p; k, p's z) possess all the properties of the 
G2 (k, p; k’, p’; z), as stated in Lemma 6.3, with the only exception that in- 
stead of (6.25) we now have for the estimating function 


(1+ |z|) N(K, p3 9)(1 ++ p2-+ py). (6.28) 


It may be shown, by the same considerations which led from Lemma 
6.3 to Lemma 6.4, that a similar proposition holds for any kernel @@ with 
finite n. However, we can prove that from n=4 onward the secondary 
Singularities appear no more for small p, and p,. 

Let us prove this assertion for, say, the kernel @® | with 7,23, 
Y2= 31, 73=12, y= 31, 7,= 23. It may be verified on the basis of the preceding 
discussion that the integral which may contribute secondary singularities 
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to this kernel has the form 


_i pe ec Moe eee Zz - x 
2mo3 CF My + mg Pi 2n; 


1 2% ‘ 
X | tag (haste) Ke 24 x 


X 0.92) 0. (92) 1 (92) F (ks Ps Rs P'S Vy» Yor M3 Z) X 


1 m q 7 
edi: eee pis, nee 
x EE (a+ m, + mo a) ae 2n3 | x 


2 12 —1 
| ; P 
x es ee _) sr te | dq,dq.dq3. (6.29) 


In the numerator stands a Hdlder function of all the variables, having the 
index v and the estimating function 


(1+ | z |)" (1+ [pe — gi IOP gn i gel < 
<SC(L+] 2 ||| + Lp |)  < 
<C(L+| 2) Nk, ps %) (1+ pt + pry. 

The factor og lass me appears on the right~hand side of this estimate 
Since in our case p? and p, are of the order of 1+|2|. 

We may first integrate (6.29) with respect to g, and g,. The resulting 
integrals have the form (6.22), Applying Lemma 6.2 twice, we find that 
(6.29) becomes 

me 


falg?)dq| —" — cae ermeme - ned ee ; x 


m,+ Mo m2 + m3 


d. 
x{Tulk, Ps k’, Ps; Zz, q) + : ~ x 
s? P) 
—> 2m; * 2n, 


— q——™— pl) +2 —2|Fulk, pik!,p's9,2,8)-+ 


m, + mo my + m3 


@ 
S| a ee LE i 
as ana 4 La (r+ m, ++ mo q m2 + m3 p;|) none z|\~* 
, 
ces 2mo3 +55 - 


s? P) 
ee + — 
—o 2m»; 2n, oa 


ce 
xX Trlk, ps K, p's 9, zr) | ——%— orm x 


x In| 


2 
2myo (s m,+ mo : a My + m3 Pi 


1 mo Mo 2 q? 
A In{ ams (r+ ‘Mm; + me oe erate +3 —z]x 


x S oo (k, P; Ke: D's Z,q;, 5; rh, 
where the KernelS JZ 1, 79, and c7;, are Holder functions of their variab- 
les. Their estimating functions contain, beside the common factor 


(1-+-|z|)‘ N(k, P3 6,)(1 + pt pp?) 


the common factor 


A en ee 


m) + mg Mo + M3 
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and 


ae ae ee Py = Geom p+ Ohl}, 


respectively. The last integrand is seen to possess removable Singularities, 
which diSappear upon integration with respect to g, which leaves us with 
ordinary singular integrals with reSpect to s and r, having Hélder functions 
in the integrand. 


The result is that there exists a certain index RZ. such that the 


integral (6.29) is a Hélder function of k, p, k, p’, z having this index and the 
estimating function (6.28). The same analysis may be carried out for any 
kernel @®) | 

The kernels Q@“) for n>4 may be successively reduced to ordinary sin- 
gular integrals, containing the kernels @) in their integrands. Secondary 
Singularities do not appear in the estimation of these integrals. 

Let us now State our main result. 

Theorem 6.1. Let the conditions Ag, By, R and C be fulfilled for the 
three potentials v,(k), 1=23, 31, 12. Then the kernels G@'3'(k, p; k', p'; z) of the 
operators Q(z) are of the type Q,,° the components F9, J9, He) and #6 of 
these kernels are, for n>4, Holder functions with some index i <+ and 


have the estimating functions 
(1 | z |)" M(k, ps 8)(1- pe py; 


(1+([z|)* (1-+-|p, [+9 (1+ pt py i 
where 6 may be as close to 4 from below as we like. The index i, broadly 
speaking, decreases, while A increases with increasing n. 
We conclude this Section with a proof of the statement that the compo- 
nents J), WH), Fi) and #%' of any kernel Q&, n>1 have no secondary singu- 


larities when z varies inthe neighborhood of the point aa. Let us 
denote by FS (k, p; k’, p’'; §) the kernel : 
12 
ae ! pl n a P 
Fin (k, ps k’, P's p= a(t, ps k’, p's —g+ +t) 


and define similarly the kernels Sane ie and H.,. Our contention is pre- 


cisely formulated in the following lemma. 

Lemma 6.5, Let |f|< +¥, where #=min(x) and Im’ 20 or Im§<0. Then 
the kernels J), G, FZ and #'; are Holder functions of k, p, K, p' and &, 
with index Vv<v. The Corvespondine estimating function is untformly 
bounded for arbitrary k,p,k, and for p, restricted to a finite region. 

Proof. Consider the case n=1. An explicit expression for @® with 
a—23 and 8=31 was given before, i.e., (5.1). It is evident from (5.1) that 


Secondary Singularities appear in the kernel #{),, when the expression 
_, Pa) fy? 2 12 
1» Pa P2 ( my ) 2 
pe Soe ee = os Se ea 
im + ms er Zz 2mo3 Pi m2 + m3 P,) Qn, zy 


vanishes, Setting 
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we obtain the last expression in the form 


1 


l m r\2 
2mo3 (at My + m3 p;) + x5, +E. (6.30) 


If cS. x2, then (6.30) does not vanish and hence the kernel FN “a 1S 


uniformly bounded. The Hdlder differences with index v of this kernel are 
also uniformly bounded if p, is restricted to a finite region. 

Any component of any kernel @®Y may be treated analogously. 

We have indicated, in the instance of the transition from the kernels @@ 
to the kernels @3, all the steps required in order to construct the compo- 
nents of the kernel @ in terms of the components of @ and4#,. It is 
obvious from this example that no secondary singularities can arise in @@ 
if there are none in @-), In the present case the kernels @Y have no such 
Singularities, whence it follows, by induction, that there will also be none 
in @® for any n221. Consequently, the components of these kernels are 
Hdlder functions of their variables with bounded estimating functions, which 
proves our lemma. 

This result will be applied in §11. 


§ 7. The operator A(z) 


This section is devoted to an investigation of the operator A(z) in the 
Banach space @(6, p), introduced in §5. We shall show that A(z) is defined 
ona dense set in @(6,p), where p is less than the v of Lemma 6.1, which 
set consists of functions belonging to @(6, p’), where p’ is any index p’>p., 
We shall further show that all the integral powers A”(z) of the operator A(z) 
are defined 0n @(6, wy’), and that for n25 the operators A”(z) may be extended 
into completely continuous operators in @(0, p), if 6<6 and »p<@ (6 anda 
were defined in §6). We shall finally study the homogeneous equation 
w= A(z)o. The obtained results will serve as a basis for the discussion of 
the solvability of a second-kind equation with the operator A(z). 

We first examine the domain of A(z). Typical! integrals, to be estimated 
below, are of the form 


: : 3 (py — P;) 
fi (k, P, = | Falk Kia; :— ft). rr ae P31 (k’, p’) dk'dp’; (7.1) 


In 2p oe 


Talk, p, a= 5 (eas His 2 2) Saas 31 ss) 51 (2) ryrdpy (7.2) 
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Lemma 7.1. Let the function 
631 (k, py = (1+ [ka \)° 931 (k, p) 
belong to the class M4, p’) and 4,,(p) to the class, Ns, p’), where 


6+0< 1,6; wy. 


Then for any z€ll_» the functions 
> 


Fi(k, p)=(1+ | kos) ‘4 eiz)) 3 fi (k, p), i=1, 2, 
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belong to the class M(6, »p), where »p is smaller than and can be taken as 
close as desired to p',§<4, and 8,=min(8, 3). 

Proof. Consider first f,\(k, p). We take k,, and p, as the integration 
variables. ‘The integral with respect to p, is removed due to the 6-function. 
The integral over k,, is estimated with the help of the lemma on singular 
integrals (cf. §4). The integrals over angular variables are estimated by 
the methods applied in §4. Note that of the three terms in the estimating 
function N(k, p; 9), we only need consider two. Thus, for example, 


1+ | po|)~* (1 --| pg |)7? < C1 + | po- pg |)7? (1 4 | pel)? 4 (1 © | ps |)77} = 
=C(1-+|p, |)? (1 + f pe |)77 4-1 + | ps |)7*}- 
The numerator in (7.1) is thus estimated by the function 


, 7 +6 F 
(1+ |p, [OM | key p*{a-+ je me (1+ |p| -or+ 


(1-4 |p, — Pil) + [gy ee) 
Here we made use of the fact that for p,=p,, 
| kos — kag | =| Pz — P2| =| Ps — Pa|- 
The first term in (7.3) may be written 
M (k, p; k’, p')=(1--| p, |) +9 (1+ |p, [y+ (1 + | 5, | X 
(1 | By — m4 [JO (1 |p, [2 + (1 + |, — 9, |}, 


and, expressing here p, and k,, in terms of k,, and p,=p,, we obtain the 
following estimate for the integral of this term over the angular variables 


jd, Mk, pi K, P’) 


Pi=?, < 
< CV p, |-P9 (1 | py HOY (LA | egg [HO (1 | es | yarn, 


The second term is estimated similarly. We recall that the factor 
(1+-|z|)*” enters, in view of Lemma 6.1, in the estimating function of the 


2 
kernel ee (Fes Koiy 2 -#), We find, by the lemma on Singular integrals, that 
23 | Kozy Ko: ; 


Ai (k, p, z) isa Holder function of all its variables with index p<p’ and the 
estimating function 


2 —6/2 
N(k, Bi O)(1 ea OM (LL (1+ 2— > (lf z|y"< 
wy 
< CN (k, ps 8) (1+ [2 1) > (LA ] key |W 5 8, = min ©, 8). (7.4) 


Consider now /f,(k, p). We separate the singularities in the denominator 
of (7.2) as follows 


1 1 au 
eas = 
a ae Fr ee 
2m‘ 2n 7 7 *31~ 2ng 
1 1 1 
ae ae re | ae 
31 2{ ——~f— _, Do 2 
—-— + % z+ 
Im 31\ 2m 2n 3] 2no 


The integral of the first term in (7.5) is estimated exactly as f,(k, p, z). 
One should only keep in mind that the product 95; (k3)¢3:(p.) iS estimated by 
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the function 
(1+ | ea, [OF (1 | pe |) 49° < CN(k, ps 9) (1+ | ey |), 


i.e., by the same function as p,,(k, p), where 8=6,—96. Therefore, the 
estimate of the contribution of this term to f,(k, p, z) coincides with (7.4), 
with 8,=—min(6,—6, 9). 


2 


—} 
To estimate the integral with the denominator (sng 2) , we take 
2 


p,and p, as the integration variables. The integral over the angular 
variables of p, is estimated as follows 


jae, (1+ |p, — pa|)-O (1 + |p| Or < 
<C (1+ [py |) (1+ | sO (1 [a |). 


By the lemma on Singular integrals, the contribution of the second term to 
i(k, p, z)is a Hélder function with the estimating function 


N(k, p; 9)(1+ | Kes!) (1+ | z |), 


which is subordinate to the estimating function in (7.4). This completes the 
proof. 

Note that in the definition of the operator A(z) there also appear integrals 
of the type 


is cut A Gena 
Fy (k, P, =| Fala) Gee oa lk, p') dk'dp’; (7.6) 
ma ae 
aay AS 8(p; — 31 ks S3) ; 
full, Py 2)= \ Pon (ig) gp ta) on) rd (7.7) 
2m * 2n ~ * ae a 


The integrals (7.6) and (7.7) are estimated in the same way as (7.1) and (7.2), 
respectively. The estimating function for these integrals may be obtained 
from (7.4) by replacing the estimating function M(k, p; ®) on the right-hand 
side by (1+|p,[|)-0+. 
The preceding results establish that the integral operator A(z) is de- 
fined in @(6, ») on a dense set, consisting of o€@S(6, p’), p’ >p, and that 
w’ 


A(z) ll, p< C+ 2z])? [lolly ps (7.8) 


[A(z +4) —A(z)}o [ly ~<C+1z])7 Yolk lal. (7.9) 


Incidentally, this result mayalso be derived with the help of rougher esti- 
mates than those of Lemma’7.1. Namely, the not very essential factors (1+ |k;,|)* 
and (1-+| ks |)-~*— may be left out in the condition and in the assertion. 

Using the estimates of Lemma 7.1 in their complete form, we can prove 

@,—8 


HAX(z)olh ~<CU+/2)  * Holy, (7.10) 


Indeed, applying twice the operator A(z) to the element »€@(6, p’), we 
obtain in the first step a factor of the type (1--|k|)~°—, and hence in the sec- 
ond step the factor (1+|z|)~~#, which furnishes the estimate (7.10). 
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We finally state that (7.8) holds good if A(z) is replaced on the left-hand 
side by any finite power A*(z). To see this we only need to apply (7.8) a 
times. 

We have thus arrived at the following result: 

Lemma 7.2. The operator A(z) for any z in I.» is defined in B(, p), 
6< 6, p<v ona dense set, consisting of the elements » of B(6, yp’), p>». 
Any finite power A"(z) is also defined on this set. If the indices § and » 
satisfy the conditions 


oy MS <1, (7.11) 


|| A? (z) © [lo ., 
I] © [lo, p! 
The estimates derived in § 6 for the kernels of the operators Q* (2), 
enable us to say more about the powers A™(z) for 2a25. Comparing the 
definitions (5,12), (5.13) of the operator A(z) and the operators Q _ (2), 
we conclude that the effect of the operation of A"*’(z) may be expressed by 
means of the kernels OO a2: (k, p; k’, p’'; z) as follows: the transformation 
w = A*t!(z)o is equivalent to 


then the ratio becomes as small as desired when |z|—> ~. 
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1 (ks) °3 (Pp) ee 
xX TR 2 Py (k’, p’) & a (f) o( 5 dk'dp', (7.12) 
Be Pa. 2 Pp 
2m 2n a Sse ae 
stro 3 Pea e vias 9 9s 
a(P,) = ay (P,3 P; ay (P,3 Pas ) : ae 
oid a aa 
1 3 (Fs) op ( p5 De 
x Ta oy (ki, ply + — Teco sobre) dk'dp’. (7,13) 
Sc ae Pp 
2m * 2n e z+43 — 


Here we have again written #1), J, 3”) and #% for the components of 
the kernel @(k, p; k’, p's z) of the operator Q()(z) 


OP= Dw, reno 


where summation is carried out over all the allowed values of 7, ..., Y,_}. 

The changes of order of integration which are required in the derivation 
of (7.12) and (7.13) are permitted when Imz=+0, since the integrals in ques- 
tion converge absolutely. For Imz~0O these formulas follow from the con- 
tinuity in z of all the integrals involved. 

Using the estimates derived in §5 for the kernels Q@)(k, p; kK’, p’; z), and 
the lemma on singular integrals, we can prove the following assertion: 

Lemma 7.3. Let »€&(6, ») and §<6, p<. Then the following estimates 
hold for any z in N1_,, and n25 


[A'(z)oh, p< CM+1 21) Ios, (7,14) 
[[A"(z +4) —A*(z)] oh, yp SC # [Z| )4 fol Al (7.15) 
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where »', ® and & are any indices, such that 
wp, 8 <CO S<CE—yYY 
and A is some fixed number. 

We shall not carry out the proof in detail. The tools required for it are 
all at hand. We have to separate the Singularities in the denominators of 
the integrals, choose suitable integration variables, estimate the integrals 
over the angle variables of the corresponding estimating functions, and 
apply the lemma on Singular integrals. 

We now make use of the fact that a Sequence w, which is uniformly 
bounded in @(@, p’), is compact in @(6, »p) for any <6, »<p’. By Lemma 
7.3 we then have 

Lemma 7.4. The operator A"(z) may be extended from a dense set over 
the entire space B(0, p), with <6, »<f, and the resulting operator is com- 
pletely continuous and depends continuously on z within any finite region of 
the complex plane M_,,. 

Let us now turn to the homogeneous equation 


w= A(z) o. (7.16) 


Lemma 7,5, Let w bea solution of equation (7.16), where »€B(6,p), 
B<b pcp. Then o€BOQ, pv), 1 =b—e, pmp—e, e>0. 
The proof is based on the fact that the w which satisfies equation (7.16) 
will also solve the equation 
wo = A" (z)o. (7.17) 


Lemma 7.5 follows now from Lemma 7.3. 

Lemma 7.6. Let Imz¢0. Then equation (7.16) has no nontrivial solu- 
tions in B(6, ») for any 9<6, p<ii. 

Proof. Let » bea solution of (7.16), belonging to @(6, »). If p,(k, p) and 
3,(p,) are the components of w, then by Lemma 7.5 p,(k, p)GEM(b—e, fi —e) 


and o,(p,)EN(i—e, f—e). Since §> a it is evident that the functions 


X.(k, p; z) associated with p,(k, p) and o,(p,) (cf. (5.10)) are square-integrable 
over the entire space, i.e., x(k, p)GH, and 


ke 2 = 
valk, I=(Fr =F —-2) alk, Ps ZED. 
Equation (7.16) may be written in terms of 4,(k, p) as 


$a=—Ro(2) T. (2) 2 dy (7,18) 


W riting 
p(k, p)=Yo3(k, p)+7- $a (k, p) + Y12(k, p)- 


and multiplying (7.18) by E+-R,(z)V,, we obtain, on account of (3.12), 


= —R)(z)V.9 (7.19) 
and after Summation over a 
» = —R, (z) (Vo3-+ V5; + Vie). (7.20) 
Multiplying (7.20) by H,—zE, we find that » satisfies the equation 
Hy = z4, 
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which hasno nontrivial solutions for Imz¥0, since H is self-adjoint. Thus 
»=0, which in view of (7.19) entails ¢,=0, «23, 31, 12, and hence 

%.(k, p; z)=0. It finally follows by definition of A(z) that p,(k, p)=0 and 
3,(p,)==0, i. e., w=0. This completes the proof. 


Lemma 7.7. For sufficiently large |z\| equation (7.16) has no nontrivial 
Solutions. 

Proof. In view of Lemma 7.5 we may assume without loss of generality 
that »€@B(6, »p), where 0<§—e, »<fi—e, and the indices § and p» may be 
chosen to satisfy (7.11). We set n==2N-+-5 in (7.17) and apply the estimates 
(7.14) and (7.10), which gives 


+ 1Z A 
lo, ,~<C S79 — Hoh, ,. (7.21) 
(1+ |z{) ? | 


—p=6>0. Let us take N= 
=[4]+1. The coefficient of Jw}, on the right-hand side of (7.21) becomes 


arbitrarily small for sufficiently large |z] and hence w=0. This completes 
the proof, 

Let ®* denote the set of real points A for which equation (7.16) with 
z==i-+i0 has a nontrivial solution, and &™ the analogous set with z=A— 10. 
The points of ®* and #7” will be called the singular points of the operator 
A(z). 

Lemma 7.8. The set ®* is closed. 


Proof. Let {i,}, 2=1, 2,... be an infinite sequence of Singular points 
belonging to ®*, which converges to the point 4). We denote by o, the solu- 
tions of equation (7.16) with z=i,+ 10, normalized by the condition 


The indices 6 and p are chosen so that 


6) — 8 
2 


look, .=1, 
where 0, » Satisfy 6<6 p<f. 
Consider the Sequence 
®,, — A” (i) i0) Dn, 


for N25. In virtue of the complete continuity of the operator A” (i,-+ 10), it 
is possible to pick out from {6,} a convergent SubSequence; let its limit 
element be w. Since we Shall only have to deal with this subSequence, we 
reserve the symbols {6,} and {o,} for it and for the corresponding subse- 
quence of w,. Equation (7.17), which is satisfied by o with z=i4,-+-10, 
Shows that we may write 


o, — ©,-+ [A” (A, i0) = A’ (i, Sis i0)] Wy. 
The continuity of A’ (z) in z implies that the o, alSo converge to wo. We may 
therefore pass to the limit in the equation 
w, = A(A, + 10), 


and find that » iS a nontrivial Solution of (7.16) with z=),+-/0, that is, 
60%), which proves the lemma. 

Lemma 7.9. Let 1.¢®* and let w» be a solution of (7.16) with z=}-+-i0 
and »p,(k, p) and s,(p,) the components of the element wo. Then 


_ _ , / 2 2 
| | X20 (k, P) + Xa (k, P)+* Xaielk, p)|?3(5—--+-5-—2) dkdp =0; (7.22) 


o1 


3 
[lea(pi28 (2+ F2 —) dp, =0; «=23, 31, 12. (7.23) 
The function 
La(k, p)=Pa(k, p)- 2 Gee) , (7.24) 
im +t 


is the one obtained from yx, (k, p; z) on Setting z= 7 +=, 


The proof resembles that of Lemma 4.7 but is rather more involved. 
We construct from p,(k, p) and o,(p,) the functions 


x(k, p; hie) =p, (k, p) + — Pa Es) % (Pa) — (7,25) 


Pe 
° 2 penehcs 
A+ is +2,—5 


and consider the functions 


A Ps 3(p, — Pa) 
X.(k, ps es) —=— | 2, \k,, ki, i ae 77 ae ee 


x Sx, p's d+ ie) dk'dp’. (7.26) 
B 


These %,(k, p; ©) may be represented inthe form (7.25), with p,(k, p; «) and 
o,(p,; ) aS the components of the element o(e). Thus (7.26) becomes 


w (ce) = A(A-+ fe) wo = wo 4+-[A(A-+ fe) —A(A-+-10)] 0, 
and now it follows from Lemma 7.2 that for e>-+0 
Jo(e)—oh, , =o), 


where 6,» Satisfy <6, p<f. 
If e-40, then the functions yx, (k, p; \-+-ie) and 2,(k, p; ©) are Square-inte- 
grable over the entire Space, and (7.26) may be written as 


Ya= —T, (h+ ie) Ry (A+-se) & y,. (7.27) 
Ba 


Here y, and xy, are elements of %, defined by the functions %,(k, p; «) and 
X,(k, p; 4 ie), respectively. 
Multiplying (7.27) by E+ V,R,(A-+ ie) and applying (3.12), we obtain 


La = —V,R, (A + ie) %, — V.Ro (4+ ie) > Xp (7.28) 
Ba 


Scalar multiplication of (7,28) on the left and right, first by R,(A+ /e)%,, a 
then again by Ro (r+ ie) & Xe gives, after combining the results and in view 
of the symmetry of the operators V, and 9, 


([Ro (\-+-f6) — Ro (\— F2)} Zar a) (Ro (+ fe) 3 Xp te) — 
= (Zo R, (A+- ie) D X,)=0. (7.29) 
Bea 


Let us consider one typical integral which contributes to the second and 
third terms of (7.29): 


a ka Sa (Par & ka) s 
Jn D; e) + Pa (Ka) a (p : | a x ame p)-+ Pp ( ) a (Pa) . dkdp. 


Pp 
‘ 3 
h— ie + %3—9°- 


8 


A+ie + x2 —_ —— Im * On hie 


2nq 


D2 


All the singularities of the denominators in the integrand disappear when 
a8, and the integral depends continuously on p,(k, p) and o,(p,) in our 
Holder metric. Therefore,for e+0, p,(k, p; ©) and o,(p,; e) are respectively 
given by p,(k, p) and o,(p,) up to o(1). Returning to (7.29), we obtain 

(TRo (+ F2) — Ry — Fe) Ray Za) (Ry +H) By 4%) — 
— A—E = 
(Ro( Fe) X,, 2%) o(1), 
and adding up these equalities for all a, we get 


2 ((R, (4 + ie) — Ry (i — ie) Ray XH 
+ 2, (Ro(A-+ fe) — Ro —Fe)) x05 X,) = 0(1). eon) 
aff 


Consider now the transition to the limit for e>0 in each of the terms on 
the left-hand side of (7.30). We have here integrals of the type 


les \ et pr Bibi x 


P 
he ie +22 — 9 
a 


Nae ep ae, 
2m * 2n 7 “~~ T* 2m * 2n ete h—ie+ x? 8 On. 
n 
Let us write the singular denominators in a different way. The greatest 
number of singularities appears in the product of the second terms in the 
braces. We represent this product in the form 


5 1 1 1 1 _ 
ee ees eee ke pe. Ope ee 
aie ete Oa on Oa oe eet a 
2n, B 2n, 
1 1 1 
= 21¢ Pi 2 + x 
aaa hfe + 2? — —— In Ton 
m, a a  2n 
1 1 1 7.31 
Df eg pe ager eg ae 
h—fe+x? re in OR es pe es 
I y) m nr 2m, B 


For a-4B we may take p, and p, as the integration variables, and for 
e—-0 the only nonvanishing contribution comes from the product of the singular 


denominators (s+ FE _ hie)” and (= +5 itis)” in (7.31). We obtain 


a Pa (k,) Gq (Pa) 2ie 
4=| fe ( py tteiene| e p2 oo 


+2 Sette ah) +e 
Ma 
—______ 3 (k,) 9 (Pa) 
x 1% Pp) fdledp +0 (1) = 
ated 


= 2ni | x. (k, p)x,(k, %,(&, p)3(5— + F—i)dkdp+ o(1). 


In the case a=8, we take k, and p, as integration variables, Then for 
e->0 the only nonvanishing contribution comes from the product of the 
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2\-—1 
denominators (a + fe + x? — zs in (7.31). The result is 


x ee ‘ &2 
Iq=2ni || %.(k, p) |? 3(5— + x ) dkdp + 
i ea} 72) 0,(P,)|? ——z¥-—"" 3 — dk,dp, + 0(1). 
( (: —t-a] + 62 


Integration with respect to yo in the second term gives 1, Since 


2 


.(k,) = ( = 


+t) (ko, 


where the $, are eigenfunctions of h-type operators, normalized to unity. 
We finally obtain 


I, = 281 { [| Za(k, p)|?8(s- +5 — i) dkedp + 


+-[|>,(p,) 78 (—a2-+ Fa] dp,|+-o (1). 


We have not distinguished in the above calculations between o,(k, p), 9, (p,) 
and p(k, p; ©), 9,(p,; &), aS this introduces an error of the order o(1) when e>0. 
We may now write (7.30) in the form 


. Pe: <r ess k2 2 
ani {f|Xea(k, p) Xai (ky p) + Kaolk, aes eet 


+ DJle (Pe) po (aa 2 


Since all the terms on the left-hand side of (7.32) are positive and independ - 
ent of e, they must vanish individually. 

This completes the proof. 

Lemma 7.10. Let», i, p(k, p) and o,(p,) be the same as in Lemma 7.9. 


Then there exists a b >> such that 


1} dp,|=0 (0) (7.32) 


lpa(ka+-h, pe)— Palka PICA"; (7.33) 
2 
Pa 
lo, (pe 1) — 9, (Pa)| K CLL In, (7.34) 
Proof. The estimate (7.33) follows from the fact that p,(k, p) depends on 
2 
k, only by way of the kernel t(k,, k' a), which is a sufficiently smooth 


function of k,. To obtain the estimate (7.34), consider the expression for 
3,(p,), which follows from (7.17) for n=2. In o,(p,) we encounter integrals 
of the type 


2 
’ mg my ’ P2 n ! 
te ‘My + M3 ns} 31 ,, ng ay Pos ks), ame Toe Log (k p) 


t / 
(5-— L, } oo. \(- pe ane 
ing, (Po + m, +m, P1) © Qn, Pl ~7/\ 2m * Qn ~ ? 
(z =A-+-10) 
If eo thenthe denominator which contains p, iS nonsingular. The 


mucenaior depends on p, through sufficiently smooth functions. The proof 
follows. 
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Lemma 7.11. Let r.¢€®™, while 1%—<xi, 2=23, 31,12. Then i is a dis- 
crete eigenvalue of i. 

Proof. Let w be a nontrivial solution of (7.16) with z=A-+4 7, and op, (k, p), 
3.(p,.)— its components. 

Consider the function 


1 2 
9(k, Ps )= =p =a D p(k, py —e Ee) 2 Ped — | (7.35) 
Om * Qn hE a L+ietal—5 


We will show that if A—x?, a= 23, 31, 12, then p(k, p; e)@€D for anys 20, 
i.e., |p| and (1+k?+ p*)|y| are Square-integrable over the entire space, 
uniformly in e. The main difficulty arises in the estimation of the integral 
of |y/? over a finite region. If 


2 4M (|i | + 2)+- 1, a= 23, 31, 12, 
then the denominators in (7.35) are nonsingular and » Satisfies the estimate 
Ib(k, ps ©) CN(k, p; 9)(1+-k?+ py, (7,36) 
where 9 may be taken >>. which implies 
[ 1+ +p? |b (k, ps 9) [2dkdp<o. 
Leo 
Here Q, designates the infinite domain in which the following three candi- 
tions are Simultaneously fulfilled 
22 4M (|| + 2)+4+-1; D1; a=—23, 31, 12. 


We represent ¢(k, p; «) in the finite domain F,—®2,, where E&, is the entire 
Six-dimensional space, in the form 


1 a (Ka) Se (Pq 
p(k, ps J= Ep De p)+ fete Poh, 
Om + dn —* it a mt ; 
a Pa (Ra) (k.) Ga ____ 94 (Pa) 5 = Yo t Pog + Ya) + Ye 
Pa 


Im, + a ht itn — > 
and estimate each term separately. The dependence of » on k, and p, is 
factorized, and we only have to prove the Square-integrability of the second 
factor which depends on p,. This essentially amounts to estimating the 
integral in the neighborhood of the denominator singularity. This singularity 
does not arise if A<—x? and all the functions are then bounded, and hence 
Square-integrable, uniformly in e. In case A>—x?, we make uSe of the 
property (7.23) and subtract from o4,(p,) in the numerator its vanishing 

2 


Pa 


value for 
2ng 


=h+x?; we then have 


ca (Pe) — 99 (7227 V2ng a (h+*))| 


a 
a (Pa) 5 a < 
Pa Pa 
9 fa =. 
aa eee Pe aioe On. 
1 
<C pe I—p ’ 
heats 
a 
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where »>> by Lemma (7.11), 


denominator Singularity. We deduce from this estimate that 


a (Pa) 
\ - P 2 dpwS 
h-+ie+ x? — on 
Pe : 
Ina Ae <4 
4 
2 mace 
<¢ | aes Cla|* (7.37) 
p? 
Here we have passed to the new variable >-—iA—{=+t. All the functions 


2 
are uniformly bounded in the region i —i— x2}. It follows that the 


function $, 1S Square-integrable, uniformly in e, over a finite region. 
Consider now the term 4, aSSuming for a Start that A4>0. The main 
difficulty arises in the estimation of the integral of » over the neighborhood 


2 1 
of the surface at which the denominator (g-+ Fase) is Singular. We 


take for this neighborhood the region @, defined by 


2 
eee —il<a 


2m 2n 


The following additional conditions define four subregions of @): 


2 


Py 
Q, : 


: 3 Ss aa ae aes 


2 
Q: 7° >); 2=23, 31, 12. 


a° 2n, 


The subregions 2, and @, generally overlap; they clearly cover the entire 
region Q,. 


We will now show that the singular denominator (s+ F_ hie)” is 


square-integrable over any Subregion 2. Taking k, and p, as the integra- 
tion variables, we obtain 


x2ydxrdy My 
<c | Gc cial’. 
P+y'<a 


We have here made the subStitution = anh agt on —h=y*. Noting now that the 


numerator of the function $(k, p; ©) is uniformly bounded, we obtain 


Jive, p; &)|*dkdp< CA)". (7. 38) 


Consider now the integral over the subregion 2, Using the property 
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(7.22) of the function in the numerator of $(k, p; ¢), we obtain 


1 
{ivte p; &)|*dkdpx | Ee pe z Xx 
: y a 

2 


ke 
x >| p(k, p)— 0 (V2m.(s—Z=) —#) TRal’ P.) as 
a k 8 
ee 9, (k, al 2m, O—#)_4 | | dkdp. 
ma 


We have subtracted here the oe value of the numerator for 


2 
Pee PN, 46s) FO we s, a==23, 31, 12. 


2m" Qn ‘ Im, . 

We estimate each term separately, taking k, and p, as the integration 
variables in the corresponding integrals. The functions in the numerator 
are smooth functions of k, (the precise statement of this fact is contained 
in Lemma 7.10). We therefore have 


—y | 
[ido(k, ps )i2dkdp<c J xtdxydy HEE < Cll", (7.39) 
<, eany<s |x y* | 
| oe pe 
where we passed to the new variables 7-=x’, Ing =y* in each term. 
Combining (7.38) and (7.39), 
[1 Polk, ps )|2dkedp<C(\A|™+] A"). (7.40) 
24 


The integral of |%(k, p; «)|? over the remaining part of the finite region is 
uniformly bounded in view of the boundedness of all the functions. 


Let now A=0. We will show that (f+ +-ie) - is square-integrable in 
the neighborhood of the origin. We have 


| dkdp : 


2 za +5 ie 
+ F-|< 2m 2n : 
nr 


1 
zy <C | x°dxy%dy Gia ype S <ClAl, (7.41) 
ke? Ira yl<oa 


2m 


. ke bn 1 ge 
where we have again substituted 3—-= x’; 37 = 


Finally, when }<0 the denominator (~-+-—d—ie) is nonsingular, so 


that %(k, p; ©) is Square-integrable in this case as well. We have thereby 
proved that 


| lbo(k, p; &)|*dkdp<C. 


| Eg— 200 |} 


But in the region E£,—®&, 
1+ pt+kR<C. 


This completes the proof that $(k, p; e)E9. 
We shall now show that ¢(k, p; 0) satisfies the equation 


Hy =). (7.42) 


To this end we multiply the relation (7.28) by a smooth finite function f(k, p) 
and integrate with respect to k and p. For e«~0 this gives, up to o(1), 


(fF, Xa(¢)+- VRo( + ie) 3:7, (6) = 0 (1). (7.43) 


o7 


Here, in contrast to (7.28), we explicitly indicate the dependence of x, on 
e. Note that 


Ry (i+ 18) Dx, (0) = 9 (0). 


Summing (7.43) over a, we get 
((Ho+- Vo; + Vai +Vie—Alf, ¥(€))=0(1), (7.44) 


where the functions f, Hf, V,/, «=23, 31, 12, may be assumed to belong to 
the class M(6, »). We now observe that for any f(k, p)EM(9, 3) 


(7, 9)=(4, 9) o()). (7.45) 


Indeed, recalling the definition (7.35) of v(k, p; ©), we find that on the left-hand 
side of (7.45) there appear several Singular integrals, the numerators of 
whose integrands are continuous in the Hélder sense. We may thus pass to 
tne limit in (7.44) and obtain 


(7, (H —E) 9 (0))=0, 


which implies (7.42) on account of the arbitrariness of f. 
Let us now Show that »40. If p(k, p; 0)=0, then (7.43) gives 


| F(k, p) x(k, ps 4+ ie) dkedp =0(1) 


for any smooth function /(k, p), and it follows from the equation which re- 
lates p,(k, p), 9,(p,) and y,(k, p; »+-/0) that p,(k, p) and >o,(p,) both vanish, i.e. , 
w=0, which contradicts our asSumption. 

Thus, we have shown that if ;¢€0™ and 1—~—x',a=23, 31, 12, then equation 
(7.42) possesses a nontrivial solution p€9, i.e., X is a discrete eigenvalue 
of the operator H. 

This completes the proof. 

One consequence of Lemma 7.11 is that the set ®* is denumerable. 

Lemma 7.12, Only the points —xi, 2=23, 31, 12 may be limit points of 
the set @, 

Proof. We assume the opposite, and let 4), A, #—*?, a= 23, 31, 12, bea 
limit point of ®*’, Consider a Sequence of points },, and the associated 
Sequence of solutions of (7.16) with z=A,-+-10, constructed in the proof of 
Lemma 7.8, and Such that for n+>o, 4,>~, and the wo, converge strongly to 
the element ,, which is itself a solution of (7.16) for z=),+-i0, and 
are normalized 


lo,b,.=1, 2=0, 1,2,..., (7.46) 


where 0, » Satisfy 9<6§ and p<ji. The i, may obviously be considered to 
lie in an interval which does not contain the points —?, a=23, 31, 12. We 
construct from the components p(k, p) and o")(p,) of the elements o, the 
functions 9,(k, p), exactly as in the proof of Lemma 7.11, TheSe functions 
belong, by that lemma, to 9, are eigenfunctions of the operator H with 


eigenvalues i,, and hence must be orthogonal: 


(Yor Pa) = | Yokes P) Yn (Ks p) dkedp =0. (7.47) 


We may pass to the limit in (7.47) for no. To show this we divide the 
domain of integration into the infinite region &,, the neighborhood of the 
Singularities of the denominators @,, and the remaining region 2, Bya 
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suitable choice of Q, the integral over it may be made as small as desired, 
uniformly in a, since in this domain all the functions }4,(k, p) satisfy condi- 


tion (7.36) for O>>. The integral over Q, may also be made arbitrarily 


small by applying estimates of the type (7.37), (7.40) and (7.41). Finally, 
the integral over 2 approaches a limit when n~o, since the functions in 
the numerator of 9,(k, p) converge uniformly, and the denominators are 
uniformly bounded. 

We conclude that (, %)=0, which implies that »=0, which contradicts 
(7.46) for n=0. Thus, the point A,~—?, «—23, 31, 12 cannot be a limit 
point of the set ®@), This completes the proof. 

Everything said with regard to the set ®), beginning with Lemma 7.8, 
holds equally for the set ®—, Let us denote by ® the union of ® and ©, 

The foregoing results are Summed up in the following. 

Theorem 7.1. Let the conditions stated at the beginning of § 5 be ful- 
filled. Then, for all z in the complex plane IL», the operator A(z) and all 
its powers are defined in B(6, p), where 6<6, p< fi, on a dense set con- 
sisting of the elements »€S(8, pv’), pv >p. For n>5 the operator A*(z) may 
be extended over the entire ®&(6, ») to a completely continuous operator with 
a smooth dependence on z. The set ® of all points z, for which the homo- 
geneous equation (7.16) admits a nontrivial solution, lies in a finite inter- 
val on the veal axis, 1s denumerable, closed, and may have as tts limit 
points only the points —?, «=23, 31, 12. All the points of , except pos- 
sibly the limit points, belong to the discrete spectrum of the operator K. 

We shall now make use of the following general proposition. 

Let the operator A, defined in the Banach space ® on the dense domain 
@(A), be such that (i) all its powers A’,n=1, 2, ... are defined on D(A); 

(ti) for n>N, where N is some fixed number, the A* may be extended over 
the entire space & into completely continuous operators; (iit) the equation 


w = Aw 
has no nontrivial solutions in D(A). Then, if »ED(A), the equation 
wo = w+ Aw 


possesses a unique Solution »€. 

This proposition follows for bounded A from a known theorem of 5S. M. 
Nikol'skii /8/. Our more general proposition may be proved almost exactly as 
this last theorem, the proofof which may be found, forexample, in /9/ or/10/. 

Let us denote by II_, the complex plane Il, punctured by excluding the 
neighborhoods of the points of ®, Theorem 7,1 and the above proposition 
then give 

Theorem 7.2. Let the conditions of Theorem 7.1 be fulfilled, and let 
wEB(O, p). Then the equation 


w (z) = 0+ A(z) o(z) 


has for all z in l_,, a unique solution »(z)EB(e,, »,), where % << min(6, 9), 
by < min (fi, ») and 
lo(z)h yp, <C(z |) 


Jo(z4+-4)—o(z)h , SC(z)lal, i<A—w,. 


The constants C(|z|) do not increase faster than a fixed power of |z| when 
|z|—> oo. 
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§ 8. Expansion theorem for the eigenfunctions of h 


It was assumed in § 4 that the discrete spectrum of the operator h con- 
sists of a single, negative and nondegenerate eigenvalue. In thiS Section we 
shall describe the continuous spectrum of h. 

We split h into the sum 


h—h,+ h,, (8.1) 


where h, is the one-dimensional operator 


hf (k)=—**(F, 9) 9 (&) (8.2) 


which constitutes the invariant part of h in the Subspace spanned by its 
discrete eigenfunction Spectrum. The following theorem, which will be 
proved in this section, makes a rigorous statement concerning the continuous 
Spectrum. 

Theorem 8.1. The operator h,, considered in the subspace b, which is 
orthogonal to the eigenelement (k), 1s unitarily equivalent to the operator 
h,, i-e., there exists an isometric operator « such that the following rela- 
tions are valid 

u‘u=e; uu*"—e-—p; hu—uah, (8.3) 
where p is the projection operator upon the element 9. 

Below we Shall construct explicitly an operator u which satisfies rela- 
tions (8.3), and thereby prove Theorem 8.1. 

Let db, be a set of smooth and finite functions /(k) which is dense in bb. 
The integral 


t(k, k’, Fix) 
g (k; &), ©; fy= <a aE (8.4) 
ay a 


is meaningful for any /f(k)€@d). 


Lemma 8.1. Let f(k)G. Then g(k; &%, %; f) satisfies the following 
estimates 


le (ks a1, 3 AIK CU+ |e); 
| 8 (A: e, e 5; f)— 8 (ks £1, &; AKC +|k pe [ 


c v 
—e |P _e |p 
e e, | +|e, e, | |. 


uniformly in «,, «,, ¢,, ¢,, Uf both «, and «., and also « 
negative or nonpoS itive. 

The proof follows by the estimates (4.34) and the lemma on Singular 
integrals, 

It follows from Lemma 8,1 that one may consider on b, the operator 


k(e,, &)S(k) = 9 (k; &, &; Ff), (8,5) 


acting in b, with k(¢,, «,.) continuous on ), with respect to e, and e, each 
varying independently within the interval [-1,0] or [0, 1]. We now introduce 
the following operators 


: and e, are either non- 


ui) — e— k(—0, —0);_ af? =e — k(+0, +0). (8.6) 
Lemma 8.2. The operators aw and aw are isometric, i.e., 


ni+)*y(+) — e; al *yi =e. (8.7) 
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Proof. We apply the identity (2.17) in the following form 


Ue 2 aA zo) CCE, gq. 21) £09. B22) ag, (8.8) 
2 1 2 21 i Se ie ena 
2m 1 2m 72 
Setting here 
ke e 

Bre gen Ry eg mE, 

so that 
k k ; 
Zg—2=— 5 oe ie, 


we multiply (8.8) by f(kK)f'(k), where f@d, and /'€b,, and integrate with 
respect to k and k’, The integrals converge absolutely for e0, so that 
the order of integration is immaterial. By the Symmetry property of the 
kernel ¢(k, k&’, z) (cf. (2.15)) 


t(k, k’, z)=t(k, k, 2) (8.9) 
and the definitions (8.4), (8.5), the result may be written in the form 


(F(e, 22) 7, f)+(f, k(e, 2e)/)=(kée, 2) f, k(e, ©) /"). (8.10) 
PasSing to the limit for e>+0, or e>—0, we obtain in terms of the 
operators uw and u™ 


(af, wh /)=(f, f’). Looney 


It follows from (8.11) that the operators uw are bounded and may therefore 
be extended by closure over the entire Space §, while (8.11) remains valid. 
This completes the proof. 


Lemma 8.3. Let Im z¥0. Then 


r(z) a = ur, (z). (8.12) 
Proof. We apply again the identity (8.8), setting there z,—z and 
2 ie +-ie, So that 
Z,— 2; = 57 zie, 


We multiply both sides of (8.8) by /f(kK)@bd, and integrate with respect to &, 
writing the denominator in the second term on the left-hand side of (8.8) as 
follows 


1 ( 2 1 1 
ay —_— oe eg GS ee + nraaey 4, Tera = eo rr 
k Re Ok 2m ke Ok k' 


7. —ztie jz. — 5 i — oa —ieé Ga Oz tie 
2m 2m 2m 2m” 


The result may be written, uSing the notations introduced above, as 
t(z)r,(z — ie) f+k(e, ©) f— (hy — ze) k (e, ¢) ry (z — ie) f= 
=t(z)ry(z) ke, e)/. 


Multiplying both sides by r,(z), adding to them r,(z)f and rearranging terms, 
we obtain 


[ry (z)— ry (z) t (z) ry (z — fe)] f — [ro (z) — ry (z) t(z) ry (zNK(e, &) f= 
= [ro (z)—k¢€e, ¢)r)(z — ie) f. (8.13) 


PasSing to the limit for e->=+0, and making uSe of the expression (2.10) 
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for r(z) in terms of t(z), and of definition (8.6), we write (8.13) as 
r(z) a f= ary, (z) f. (8.14) 


Since d, is dense in § and all the operators in (8.14) are bounded, this 
equality holds for any f€b. This proves the lemma. 


Corollary. The following relation holds for any bounded function 9(x), 
—ocx<o 
p (hh) a>) = ule (hy). (8.15) 


Observe that if we formally consider the ''kernels" of the operators a 
and write (8.15) in terms of these kernels for the caSe 9(x)=x, we get 


Ro)? 
2m 


Fw (k, kK) + fo(k—k) a) (W, KO) dk! = — a (k, k), 
The kernels uf (k, k®), which may be regarded as the generalized func- 
tions 


ul#)(k, k) = 8(k —kO)— ————_ "7 (8.16) 


are seen to be eigenfunctions of the continuous Spectrum of h. Relation 
(8.7) may be called the orthogonality condition for these functions. In con- 
figuration representation, i.e., after a Fourier transformation with respect 
to the variable k, the functions uf)(k, k®) become the ordinary functions 
y+)(x, kK) which satisfy the equation 

i 6)? 
2m 


— V2 (x, kO) 4-0 (x) 4) (x, kO)— K— ylor(x, £0) 


and behave asymptotically for large |x| as 


(+ (0)) — (0) (po) exp tei] lx }} 
PH) (x, KO) exp (f(x, k)}+-f' Ga _&k )eSeie : 
where 


x R09)" . 
f(A, KO) —=2mPnte (/KO| A, ko, £— == 10), 


The operators u) are thus closely related to the solutions of the sta- 
tionary scattering problem for the operator h. 

It is easily verified that the kernels uf#)(k, k™) may also be obtained by 
another procedure, mentioned in the introduction. Namely, taking the con- 


volution of the kernel of the resolvent r(z) with an eigenfunction of hy, i.e. , 
(oy 


8(k —k), and calculating the residue at z= —, we obtain 


. . (0)? (oF 
lim —ie[r(k, &, + ie) 8 (e— Kd’ = lim — ier (k, KO, E+ ie) = 


e>+0 


— ied (k — &) 1 RO ie 
— |]; pe ek Ne Oe ee J SS (0) ' —— 
lim k2 ROR k2 por t\k, &, 2m a 
(2m Im" on” in 


k 
: (. KO”, Ta +10} 
ep OF? 


2m 2m + i0 


= 3(k — k) — 


which is again (8.16). Here we have used the following expression for 
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the kernel of r(z) 


6(k—k’ 1 1 
r(k, Ry z=" — aa tk, K, a 
Qm—* Im? tm —* 


which is simply (2.10) written in terms of the kernels of the corresponding 
operators. It must be stressed that all this is only heuristic reasoning. 

We now go on to prove the completeness of these eigenfunctions, For 
this we need to relate the operators uw with the spectral function of h, 
which is naturally done by applying the well-known relation between the re- 
solvent and the spectral function of a self-adjoint operator, Denoting the 
Spectral function of h by e(A), we have 


[deMs A= = lim [ FQ+#)—rQ—e)]f, fdr (8.17) 


Let us introduce a convenient representation for the integrand on the 
right-hand side. Expressing the right-hand side of the Hilbert identity 
r (A-+- fe) — r{A — fe) = Qier (A — ie) r (A-+- Je) 
in terms of rof(z) and t(z), we obtain 
r (A -+ ie) — rv (A — ie) = [e — ro (A — ie) t (A — fe)] X 
x [ro (A+ ie) — ro (A — ie)] fe — t (A + Ze) rr (A+ i8)]. (8.18) 
Lemma 8.4. Let f€%. Then 
gk; 23 =f) { 


EA) f (ed (8.19) 


2m” 


satisfies the estimates 
I glk; 23 AIK C(+ 1k) os 
|g(k+ hy z+; fy—glkee a lAl< 


<C(I+ fk Or [a Pel os p< + 


for any z€il,, excluding the neighborhood of the point z=—x*. 

The proof follows from the estimates (4.33), (4.34) and the lemma on 
Singular integrals, 

Lemma 8.5. Let f(k)Ed) and f'(k)Ebd). Then (e(Q)f, f’) ts continuously 
differentiable with respect to » for }>0, and 


£ (eQ)s, f)= 


ke : ke . , ke 
=[¢(k; 5x 10; f)a(k, 5 10; f')3(5—-—A)dk. (8.20) 
The proof follows by passing to the limit for e+ =U in the formula 
([r (A+- fe) —r(h—ie)]f, f= 


=[g(k: Miss f) Gp“ — 2k, Mig f) dk, (8.21) 
(5 —.) + 62 
which is obtained directly from (8.18) and (8.19). 

It follows from the estimates of Lemma 8.4 for the function g(k; z; f), that 
for e—0O the right-hand side of (8.21) tends to a limit which coincides with 
the right-hand side of (8.20), which is a continuous function of }. Differen- 
tiating (8.17) with reSpect to the upper limit and applying the last relations, 
we obtain (8.20). This completes the proof. 
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Lemma 8.6, The following relation is valid 
0 
[ deQ=p. (8.22) 


Proof. For any (<0, 4 —® we may pass to the limit in (8.21) fore>-+0, 
obtaining 


#60) 0, 2<0, A 8 (8,23) 
The operator h has a discrete eigenvaiue at }\=—x?; consequently, 
e (—x? +0) — e(—x? — 0)= p. (8.24) 


The relation (8.22) follows from (8.23) and (8.24). 
Lemma 8.7. The following relation ts valid 


ua” —e —p. (8.25) 
Proof. We first show that if f€d , then 


g (ks 5 = 10; f) =a*"S (b). (8,26) 


By definition of k(e, e), any f(k)Ed) Satisfies 
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t @ k’, _ + i] 
(Ff, fe—ke, N/A=%AN— | fH —~__———,—_— f'(k’)dk' | dk = 


Lied 
2m 2m ** 
feat t(k, k’, ae — ie) 
=(f, f)—\ FB |e ae hae 
na Ont 
=fe(ts pis f) F dk. (8.27) 


We have changed the order of integration, which is permissible for ¢0, 

and applied (8.9). The required relation (8,26) is obtained from (8.27) by 
passing to the limit for «~»~=+0. We now integrate (8.20) over A from 0 to 
coo, which in view of (8.26) and (8.22) gives 


[deQs, = we"s, w2"/)=(e—ply, Sf), 


0 
confirming (8.25). 
The preceding results lead to the following theorem. 


Theorem 8,2. Any function f€b has a unique representation as 


f(k)= ch (bk) + aH f(b), (8.28) 
and for an arbitrary bounded function ¢(x), ~-o0<x<o@ 
9 (b) f= 9 (—*) c+ a 9 (by) f™, (8.29) 
where the coefficient ce and the functions f* are defined by 
c=.4) ff? =a (8.30) 
and 
If? =e /?+1¢™?. (8,31) 
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These formulas constitute a simple and rigorous formulation of the ex- 
pansion theorem in eigenfunctions of the operator h. Formula (8.31) cor- 
responds to the Parseval relation. 

Theorem 8.1 follows from Theorem 8.2. We may take u™ or a” for the 
operator wu in Theorem 8.1. Note that any operator of the form 


) 


a=um, (8.32) 


where m is unitary and commutes with hy, also possesses the properties 
Stated in this theorem. The operator ui may be expressed in terms of u™ 
by a relation of the type (8.32), and with a proof of this assertion we con- 
clude the present section. 
Consider the operator 
s=u't"y. (8.33) 


Lemma 8.8. The operator s is unitary and commutes with any bounded 
function of the operator ly. The following relation is valid 


ui = af. (8.34) 
Proof. Let us first show that 
pu) — pu —0. (8.35) 


The product uu*a may be written in two ways (we omit for brevity the 
Signs +), viz., 
uu’u = u(u*a)— 40; 


un‘u = (uu*) au = (e— p)u, 
which directly implies (8.35). We thus have 
s*s — n\—)* uHyl(+)* yg — u—)* (e —= Pp) a =e; 
ss* = ult)” gO yl)" pH) = yl” (e — p) ut — e, 
which proves that s iS unitary. 
Let uS now apply (8.15) in the form 
¢ (bh) a = alg (Ino); 
a‘) > (h) = ¢ (hy) a”. 
Multiplying the first of these equalities by u‘*” on the left, and the second 
by u@ on the right, we obtain 
s¢ (ho) = ¢ (ho) 8, (8.36) 


which is the required commutation relation. 

Finally, (8.34) follows from the definition (8.33) of s and the property 
(8.35). This completes the proof. 

Let uS now express the operator gs in terms Of the kernel t(k, k’, z). We 
Substitute in (8.8) 


so that 


multiply the result by f(K)/'(k) and integrate with respect to k and k’. 
We obtain 


(f, k (—2e, —e) f’)+-(k (e, —e)f, f') ce (k (e, e)f, k (—2e, —2e) f'), 
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which gives on passing to the limit for e->-+0 


(af, a f=, £)+(K(+0, —0)f, /’)—(k(0, +0)f, £), 


whence 
sf = f+ [k(+-0, —0)—k(+0, +0)]/. (8.37) 


The definition (8.4), (8.5) of the operator k(e,, ¢) implies that (8.37) may 
be written for f@bd, in the form 


sf =f (k)—2ni | ¢ (x, k, F-+i0)3(Z—¥) pueyae, 


The kernel of s thus bears a close relationship to the scattering ampli- 
tude f(n, k). 


§ 9. Expansion theorem for the eigenfunctions of Hj 


In this section we shall describe the continuous Spectrum of the operator 
H. We shall show, in analogy with what was done in §8 for h, that the in- 
variant part of H in the subspace orthogonal to the eigenfunctions of the dis- 
crete spectrum is unitarily equivalent to a certain operator Hf, the spec- 
trum of which may be easily described. 

Before we go on to prove rigorous propositions, letus consider some 
heuristic arguments. AS was mentioned in the introduction, neither H, nor 
any of the H,, #23, 31, 12, may serve as ff, since all these operators have 
less eigenfunctions than H. Stationary scattering theory stipulates that H 
should have eigenfunctions corresponding to those of HM, viz. , 


© (k, ps k®, p)=3(k— k)3 (p—p, 
plus those of H,, viz. , 
D.(k, P; ph) = 8 (p, — p®) Pi(k,), %=23, 31, 12. 


The functions ®(k, p; k®, p) describe the asymptotic free motion of all 
three bodies, while in the asymptotic state described by, say, ®(k, p; p©) 
the bodies 2 and 3 form a bound pair. The functions ®,(k, p; p?) and 
®,.(k, p; p?’) have a Similar meaning. 

Given the resolvent R(z) of H, we can derive suitable eigenfunctions of 
this operator by means of the procedure which was already described in the 
introduction and in § 8. Let &(k, p; k’, p's; z) be the kernel of the resolvent 
of H. Then the functions 

Os (0)? 


(+) ZO 20) ie . Lo) , (0). ~ P 
We (k, ps kK, pp’) jim, ich (k, pk, Pe a 


is); 

Wit) (k ©) = | jal igs pe” + 
£ e — fy ay ‘i , (0). 23 a » ' f 
or Re Har) — et k, p; ki, p®; —x ie} }, (ki)dk;, 


2n, 


should constitute a complete set of eigenfunctions of the continuous Spectrum 
of the operator H. Let us see how these functions are expressed in terms 
of the kernels Uap(k, p: k', p's z). 

Combining (3.5) and (3.8), we obtain the relation 


R (z) = Ro (z) — Ro (2) 3 Mas (z) Ro (2), (9.1) 
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which is written in terms of the kernels of the involved operators as 


Rk, p; kK’, p's z)=B(k—K)3(p— —p)(7-+F.— 2) — 


2 


ae ee ee Sohntk pi k, ps (+2 —2) (9.2) 


The following expression for the functions VH(k, p; k, p®) follows imme- 
diately from (9.2) 
WHY (ke, ps kM, ph) = 8 (k — k)3(p — pl) — 
—(# ee _ HOY 10) x 
n 


KO | PO” 
x Dick (k, Ps k0), ps 2m no Qn = 10 . (9.3) 


We multiply (9.2) by $,(k,), integrate with respect to k,, and make use 


of the fact that 
Mlk, p; k, p's z)= 


2 
=t,(k, ki, z— Pt) acp,— BP.) 8g + Wg (k, p; &, p's 2). (9.4) 
We may expect, in view of relations of the type (5.25), that 
(0)? 
Py $, (k,) ; 
{ wl k, P; k' p's —x} +a a ep dk. 
am + 2 + %, = on. —ite 


should have for B=y a Singularity of type - which ought not to arise when 
By. Hence it follows that the functions W(k, p; p?) may be represented 
in the form 

Wk, ps Pe =4, (k)8(p,— pl) — 


(0)? 


—} (0)? 
2 ( Py ; 
-(B+f+9-2 20) ya.(e Ps Pas oR = i) (9.5) 


Here, unlike §5, we denote by e%',(k, ps pg; z) the kernels obtained by a 
formula of the type (5.23) from the components of the kernels Ws and not 
of &,,. We recall that these two kernels differ in a few of the first itera- 
tions of the system (3.20). 

Our aim in the present Section is to give a rigorouS meaning to expres- 
Sions of the type (9.3) and (9.5), and to prove the possibility of expanding 
any function into an integral of the functions W@(k, p; k®, p™) and W“(k, p; p™). 
Exactly as in § 8, we shall not deal with the functions W, and ¥, themselves, 
but asSign to them isometric operators which diagonalize H. 

We start the rigorous treatment with the description of the operator ff. 
Consider the four Hilbert spaces %p, S25, 3, Die. The elements of % are 
the square-integrable functions f(k,p) of two variables, so that this space 
is identical with %§. The elements of the spaces §H,, s,, Hy. are the 
Square-integrable functions /f(p) of one variable. To distinguish between %, 
and $, and also between the individual spaces 9%,, «= 23, 31, 12, we similarly 
label their elements and scalar products; thus f(k, p)E Xo, f.(p,)E%,, while 
(-, -} and (-, -), are the scalar products in %, and &%,. 

We denote by § the direct sum 


H = Hy. B® Hes B Ha DB Hye. (9.6) 
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The operator ff operates in %, and is reduced by the subspaces #, and %,, 
a= 23, 31, 12, so that 


fi— Hi, o H,, o H,, O Ai,,, (9.7) 


where H, operates in %, and Hf, in ,. These operators are defined in their 
natural domains by 


Ay folk, p)= (A +=) A (k, p)s (9.8) 


Bf(p = (+22) A (po, «© =23, 31, 12. (9.9) 


Let P,; be the projection operator in S on the Subspace §,, Spanned by 
the eigenfunctions of the discrete spectrum of H, and let %, be the ortho- 
gonal complement of %; in §. The subSpace 9, reduces H. Let &, be the 
corresponding invariant part of H in %,, and E, E, and E, the unit operators 
in , 8) and %,, respectively. 

We will prove the following proposition. 

Theorem 9.1. The operators H, and ff are unitarily equivalent, i.e., 
there exists an isometric operator U mapping § into 9, such that the 
following relations hold 


U*U=E, UU*=E—P,; HU—UR. (9.10) 


To prove this theorem, we construct explicitly an operator U which pos- 
sesses the properties listed in Theorem 9.1. This will involve the kernels 
Ma, (k, p; k', p’; z) of the operators M,,(z) and the associated kernels W., (k, D3 
k', p'; z). These last kernels are of the type Daye In this section, unlike §5, 
we denote by Has, Tag) Fag and #,, the components of the kernels ax; and by 


of 4, and SH ag the kernels obtained from these components by the formulas 
(5.23) and (5.24). 
We now introduce the notations 


L aa (K, Ps Pgs Z)= Pa(Kq) 3 (Pa — Pa) Bag + Mag (ky Ps Pps 2); (9,11) 
Lag (Pas K', p's Z= Hag (Pas Ky P's Z) Bag (Pa — Pa) Pa (Ke): (9,12) 


By repeating the proof of Lemmas 5.1 and 5.2, we may demonstrate the 
following relations 


a ¥3 (Kp , i 
Mlle Bs Ks 2) de = 8 5 (, ps Ps 2) a (9.13) 
k 4 P 
im * On * c+ —5e 
B 
1 ' 
pie Mag lk, ps Ki, ps 2)dke = + Lu,(pes Kips 2). (9.14) 
an * 2a * suis 
m al Zz he 2n.x 


The discussion at the beginning of this section shows that it is advisable 
to consider the expressions 


2 2 


P 
Mh k. pk’, p; y + re 
a CPI RSD 2 ) td! 
Eger eee ae 
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a ahs, (9.16) 
p+ Ea TE — ig 


2n, 


12 
2, Pp 
\* k, Pi Pg: —%e+ Oo +i 


where e, and e, are real parameters (cf. (9.3), (¥.5)). Ife,40 and e.-0, 
then (9.15) and (9.16) define operators that map §, into © and , into 9%, 
respectively. We denote these operators by Mt, (2) and L., (e,, ‘. 

Let 9, and 9, be the dense sets in § and $, which consist of all smooth, 


finite functions /,(k, p) and f,(p,) that vanish at the surfaces oe =k, 
2 


and is), respectively. Here iA, are the singular points of the 


operators A(z) (cf. § 7). Unlike the case considered in § 8, it has not been 
possible to estimate the integrals (9.15) and (9.16) uniformly in e, and e, 
over intervals including their zero values, because of secondary singularities 
of the first iterations of (3.20) which appear in the kernels e&,, (cf. § 6). 
We therefore cannot prove directly that the operators M,, (e,, my) rand L., (€,, &) 
converge strongly on the respective dense sets for ¢,>0 and &—0, ana the 
proof of this fact requires the following indirect approach. 

Let S(k, p)EM (6, ») with 9>5. The class QN(6, ») was defined in § 5, and 
the functions f(k, p)\EM(®, »p) constitute a dense setin © if O> 5. Consider 


the integrals 
FUR, PD ad! 
m,, (k, Ps 21, 225 fy= Ma, (k, P; i, Ps z;) Ee p” d dp’. (9.17) 
2m * 2n” 72 


It follows from (9.4) and a formula of the type (5.3) for the kernels @& 
that the functions m,, (k, P; Z,, Z3 f) may be represented as 


ag? 


Pa (ka) las (Pa: 21, 22) f) 


m,, (k, P; 21, 225 fy=n,,(k, P; 21, 225 | 8 a i es aa (9.18) 
2 a 
Z)+%, a 
where 2nq 
k U 
lag (Pas 21, Zo; n= | 2a k’ Ds Z;) Cer ead (9.19) 
2m * 2n 72 


Lemma 9,1. Let f(k, ph\EM(®, v'). Then a, g(k, Ps 21, 223 f) and 1,,(p,s 21, 223 S) 
respectively, belong to the classes M(8, p) and MNO, vw), w<cp, as functions 
of k, p and p,, and satisfy estimates of the type (5.6)-(5.9), uniformly in 
z,GIl, and z, lying in a finite region of the plane M1.» which contains none 
of the singular points },,. 

This might be proved by estimating Separately the integrals of all the 
contributions to the kernel c#.s(k, p; k’, p’'; z). We will proceed by another way. 
Consider the integral 


RK? 
2m * Qn 72 


(fe ia kk’ oy ei Ps) k', p')dk'dp' 
m, ( ’ P; Zi Zo» f)= t, a? a? 2) 2n, p’ F( Pp’) Pp. 
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By (4.50), m(k, p; z,, z, f) may be represented in the form 


k.) 10) ae 
m(k, Ps 25 2; f)= n®) (k, Ps 24) 2; pats : - (Pe = aif) 
ee 
where 


2n,/ Z 
2m * 2n” 72 


ni (ky Ps 2p 23 n= (4, & 4, EE) GES se, aver, 


1 (ps 25 p= | a peop p')dk'dp’. 


2m * Qn 7 


Integrals of this type were considered in§7. The estimates of Lemma 7.1 
show that we may regard the aggregate of functions ak, p; z,, z,; f)8,, and 
1) (ps 3 Ff) 8.5 as the components of the element wo) (z,, zy; S)EB(S, vw), which 


Satisfies the estimates 
| wf? (24) 23 Fhe, » S C 
| of Ci cirta oF f)— a” (21) 243 Ah, S C{l4,[ + [4./°] 


with certain indices 6 p<p’ and 8<p’—yp, 
It is easily verified that those components of the elements 0, (21, z3; J) 
that satisfy the equations 


®s (Z1, 225 f) = of (z, 225 f)— A(z,)o, (21, za; f), 


are the functions in question N, {k, P; 21, Z3 f) and lag (Pas Z,, 23 f). To see this 
we Only have to apply the system of equations 


2 
P j Pa , 
Mag (k, P; k’, P; z)=t,(k,, ky 2—F*)8(p,— ply — 


3 n” 
Pa 3 (Pa — Ps) a an 1 
=“) t(k, kt 2 — ft) pe DS Arg lk » p's k’, p’; z)dk"dp 
Om* In? xa 
72 r2 —~) 
for the kernels c&Map(k, p; k', p's z), set z=z,, multiply by (+2 —2,] T(k, p’) 
and integrate with respect to k’ and p’, keeping in mind the definition of the 
operator A(z). Now by Theorem 7.2 
Ilo, (zr, 223 Mle ~pROS PCOS BCH 
lo,(z, +, z,+-4,; f)—, (z:, 295 Alle, p< C [Idi] + [Aol], 
for all z, and z, allowed in the formulation of Lemma 9,1. This completes 
its proof. 
We may readily verify with the help of Lemma 9.1 that expressions of 


the type 
(M,, (1, &) Sos fy=m,, (61, &3 fo, J); (9.20) 


(L., (€1, &2) fy A= Tag(s» &2s yr AD» (9.21) 
approach a limit for e,>0,e,—-0. In fact, we have 


Lemma 9.2. Let fEM(6, p), AED, and f pE D>. Then the functions 
Tita (1, &23 fo, f) and I, g(41, 83 f,, f) are Holder functions of «, and e,, when both 
pee parameters” vary in the interval [-1, 0] or [0, 1]. 
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Proof. By definition of the operator Mi, (1, &2), we have 


Mg (61, £95 to f)= (M,, (41, &) fos f/y= 


p? ” 72 ; 
x + 2n 7 2m 2n ~ '2 


(i, pi ¥, P; ¥ +e ie] 
=| Fk, jp ea fo(k', p’)dkdpdk'dp' = 


a a ° en” (eee * ee eae 
=ffilk, p)my.(k, ps ge ie, $+ F—iegs f)dkedp. (9,22) 


Here we have changed the order of integration, which we are allowed to doon 
account of the absolute convergence of all the integrals for ¢,-0, «0, 
and made use of the symmetry relation for the kernels o%,, 


Ma (k, ps k's p's z)=M,a(k’, p's k, p; 2) (9.23) 


and the definition (9.17) of m,,(k, P3 21 Zor Ff). 
We Similarly obtain 


Log (1s 25 fy A= Mg» 82) fy A= 


=a, (P,) Lys (5 p+ i et y+ pe TE; ft). (9.24) 


The proof of the lemma follows now from the estimates of Lemma 9.1 for 
Nag lk, p; 21, 23 fy and 1, (ps Z1, 223 f), and from (9.18). 
We denote by E, ‘the identity operator, mapping , into 9, 


Bfp=h fk, p)=Sk, P) (9.25) 


and define 
U, (c= Eo+ 2M, (6, e). (9.26) 
Lemma 9.3. The operator U,(e) converges strongly for e> +0 on any 
element fy€D,. The limit operators 
U = lim U,(e) (9.27) 
s—>+0 
may be extended by closure into isometric operators over the entire &, 


so that ; 
uU®* uS — Ep. (9,28) 


Proof. We apply Hilbert's identity to the resolvent R(z), expressed in 
terms of the kernels Mag (cf. (3.36) ), 


Mag (k, P; Kk’, Pp’; Z1) Maa (k, P; K. P’; zo) 


22 — 21 a ad | 
a (k, ps k", p's 2) ga —-  — ye — x 
ay Re p”” Kp”? Pe 
2m + Qn 71 2m * Qn 7 
x Sty (Ws vhs, p's zs) dldp (9,29) 
1 
We now set 
ke k” ia 
Ao oy z= 5 + 5 ie, 
so that 
kK 2 Rp? 92 : 
= — (ie th ae oe 
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multiply by A(k, p)f(k, p), where fo(k, p)\ED, and fy(k, p)\ED,, and integrate 
with respect to k, p and k, p’. The result may be written in terms of the 
operators M3 (¢,, e,) as follows 


(M., (For & + Sy) os Ef) +E, M., (F, &+&)f)= 
= (5 Mig (Car &2) for DM. (Ev eS). (9.30) 


Here we have changed the order of integration, and applied the symmetry 
relation (9.23) for the kernels May: 
Upon Summation over a and 8, (9.30) becomes in terms of the operators 
Uy (e,) and Up (e,) 
(U, (82) Sor Uy (8&1) So) — For So) = 


=(% (I, (&2 ©, ©) —Mg(eq, &)} Ef) + 
+ (Bf, 2 (Mos (2s, e, +¢,)—M.(«,, ©,)} ft), (9.31) 
or, expressing the right-hand side of (9.31) in terms of mg(¢, ¢%, fo f) 
(U, (2) Fo» Uo (#1) fo) — (For Soho = 
=D (Fey (a © 835 Fo» Boho) — tag (Car 53 So» Bo f,)} + 


a, B 
+2 (77,5 (Ey, & 3 to» E,/,) — rigs (,, ei 2 Eos )}- (9.32) 


By Lemma 9.2 the right-hand side of this equality vanishes when both e, 
and e, tend to zero from the Same side. More accurately, there exists an 
index 8>0, such that for any f, and f, in 9, 


U, (£2) for Uo(€1) fo) — Sor Soho = 9 & |) + 9 (| 6"). (9.33) 
Let now 4,69, and => 0. We have 


d? = || [U, (¢,) — U, (%)] So |’ = (Uo (1) for Yo (81) Ao) — 
— 2Re (U, (&;) for Up (2) £0) + (Uo (2) Fo» Uy (2) /,)- 

It follows from (9.33) that the right-hand side is of the order O(e,|)+ 
+ O(\e,|), so that d may be made arbitrarily small for sufficiently small e, 
and «,, provided they both have the same sign. This entails the convergence 
of U,(e) on D, for e>0. 

Let us Set in (9.33)e,—e«e-—=e, and pass to the limit for e-0. We obtain 
for any f,(k, p) and f,(k, p) in 9, 


(Us, Us) = 67 O» af odo: 


In view of the denseness of 9, in %, it follows that the operators US and 
US” may be extended by closure into isometric operators on the entire Sp. 
This completes the proof. 

Let us denote by U,(e) the following operator that maps %, into 


U.C)= ZL, (, 9). (9.34) 


Our next goal is to prove that the operators U,(s) converge strongly on 9, 
for s+0, and that the limit operators are isometric. For this we apply 
Hilbert's identity in the form (9.29). Multiplying (9.29) by 


2) (te) Geek) te) 
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and integrating over &, and ky, we obtain with the help of (9.13) and (9.14) 


2 


Pa 
, 3 —_—- 
AG) , 7a F *B Ong 
Lup (P.3 k’, P's z,) k? p” dk, Z_— 2, =. 
2m * Qn 72 
2 
atin (aD ; 
ee ON a Lea he Ps Pp 2) R= 
2m *2n 7 7} 
1 1 
> te (P,3 k’" p’; z,) rv? p” pe p”” x 
‘ 2m * 2n 71 Im *2n 7 7 
x DL a(k', P"; Pgs 2) ak"dp". (9.35) 
1 
We set here ; 
2 , 
z,=— +t je z et ae, 
a” Qn, 1» 2 p 2n, 29 
so that 
Pe pe 
qe a + x2 — In, +! (&1 + ®), 


multiply the result by £.(p,)/,(p,) and integrate with respect to o, and py. 
The right-hand member may be written 


(U, (£2) /, 9 U. CAR 


and it remains to consider the left-hand member. 
The left-hand member contains for «e=§8 a term which may be represented 
as 


I (e, + eo) 


coat eae divi, —teEd ee Ed ae, x 


2 
+ %, — ity ue +2 + it, 


x F.(Pa) fa(P2). (9.36) 


I(e) _— 3 (k) ba (z) dk 
Fart ie 
iS analytic in e near e=0, while at e=0 it reduces to the normalization in- 


tegral for the function 9$,(k), so that 7(0)=1. Consequently, (9.36) may be 
written, after integration with respect to p, and p,, in the form 


(fa tae ie O (,) + O (£,). 


The remaining terms of the left member may be expressed by means of 
integrals of the type 


Here the integral 


: ete, Be ) 
: —— %ag\ Pai Fs P 3 —%e+ oA — ie 
re, f(x 12 2 ‘ 
2 Pa 
%8— On Ste Pigg ts) 
bp (F; ; re 
B F 
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Integrating first with respect to p,, we are left with the integral 


2 
, J Hag & k’, P; ae + = =e 0) . : 
ka (Pas Kay €,, %) =e, Oe gS fa (Pp) 4Pp. (9.38) 


2 B 2 eee 
%_ — 2n, — t+ On. —i(e, +6) 


We shall prove at the end of this section 
Lemma 9,4. Let f,(p,)ERN(6, ») and fy >0. Then the following estimate 


holds for k.g(Py Ke; &, &) 
ap ( Bs "1 &e keg (Pai ky; eg, e,) |< C(e,). 


uniformly in all kj, \e,;<1,4=1,2 and for p, varying within a vegion which 
does not include the singular surfaces —x-+- 5 =h,, whereby C(e,)+0 when 
e,—> 0. . 
Using this lemma and the preceding arguments, we may now prove 
Lemma 9.5. The operators U,(c), «=23, 31, 12 converge strongly on 9, 
for e+0Q. The limit operators 


u» — lim U, (e) (9.39) 
e—-» 40 


may be extended into isometric operators over the entire %,, and the 
ranges of the operators U® and US are orthogonal for a8, 1.é., 


UL"Up? = 8.5K. (9.40) 
Proof. If f;€9,, f,ED,, then by Lemma 9.4 the integrals of the type (9.37) 
vanish when s,~0 and e—>0; thus we have 
Us () for Ui) J) =F Fe Li). 0 (1) (9.41) 
fore 0 and s,—0, a >0. Combining relations of the type (9.41), we con- 
clude that if A€@®,, then 


HU. (e:) —U. (2) A. 1=0() 


for e,, +0, which implies the strong convergence of U,(e) on 9,. Setting 
e, —e,=ain (9.41), we pass to the limit for e+0, and obtain for any f€E9,, 


LED UL, UEK)=bo(fo fe 


It follows in view of the denseness of 9, in %, that the operators Uf 
are extended by closure over the entire ,, a=23, 31, 12, and (9.40) follows. 
This completes the proof. 
We now go on to prove that the ranges of the operators Uf’ and U™, «293, 
31, 12, are also orthogonal. To this end we apply again Hilbert's identity. 


2 


a —) 
Multiplying (9.29) by = = —z,) },(k,), integrating with respect to k,, 
and using (9.13), 


k, a 2g (k, Ps Pai 
Hie Begg = gg RE oe 2) 


ee op” B 2 Zo — 2) 
2m * 2n 72 


yoo” 1 1 ee ee ‘ 
+ | Sotatk P; ke", p’; pa pa De®, Ps Pgs 2) dk'dp’’. 
1 Om * On * om * Qn 72 Tt (9.42) 
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We Set here 


ca a, 
719m an > #2 a ae 
so that . 
_ (ep Ps 
i as aa {E+e+s an, — 2) 


multiply the result by f(k, p)f,(Ps), and integrate with respect to k, p and 
p, After summation over a and 8, the right-hand member may be written 


(U, (©) far Uy (#) £,)+- 0 (1). 


In order to obtain an expression for the left-hand member, it is neces- 
Sary to evaluate the integral 


k? p* 
of, .\k, p; k, p's a + 5. — ie 
’ 6 mn : Ps 1 Ps 2m 2n : ; 
m,,(k, P; ks; e) = ie Boe me : 7a ts (Ps) 2Py, (9.43) 
Pp ] 
im f On + Tay — ie 


multiply the result by 


F,(k, Pp) P) 9p (Ke) (Peageie) 


integrate with respect to k, p, ky, and Sum over a and B, At the end of this 
section we shall prove 


Lemma 9.6. Let f,(p,s\EN(6, pw). Then may(k, p; ky; *) Satisfies the esti- 
mate 


| Maa (kr Pi ksi )(|< CO), 


uniformly in e, |e|<1, k, and k, and p lying in a region which does not con- 


tain the singular surfaces + +P =1,, whereby C(s)-+0 when «0. 


This lemma leads to 
Lemma 9.7. The ranges of the operators US® and U¥’, B=23, 31, 12, are 


orthogonal, t.e., ; 


Proof. From Lemma 9.6 and the nade arguments we know that if 
SpE D_ and LED , then 
(U, (®) fa» Uy (e) 4) = 0 (1) 


for e+0. Passing here to the limit for e-»+0, we deduce that (US's, 
US s,) =0, for such fy and hy. This relation is extended by closure far ougne 
out 3 and §,, whence (9. 44). This completes the proof, 


We have thus given an exact meaning to the formal expressions (9.5) and 
(9.5) for the functions WH (k, p; k®, p) and YW (k, p; p?) and proved the ortho- 
gonality of these functions. Let us now prove that theSe functions are eigen- 
functions of the operator H. We denote by R,(z) and R,(z) the resolvents of 
fi, and H,, operating in the spaces 9, and §,, 2=23, 31, 12, respectively. 

Lemma 9,8. The following relations hold 

R (z) Us? = UHR, (2); (9.45) 


R(z) Us? =USYR, (z), B=23, 31, 12. (9.46) 
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Proof. We set in (9.29) 


pb? 72 
_— Sa P ° 
Z2;=—2z and 22=9, + a, +! 
so that 
72 2 
Poy ee ee 


We write the denominator (z,—z,)~' in the second term on the left-hand side 
of the obtained relation in the form 


1 k2 p? 
ep ee pe ae a eX 
2m * 2n~ 2m 2n ** 

1 1 
x & pe Lia po ; ; kk? 12 ~ 
2m * 2n 2m — 2n —** 


rie alt; teed ee at 
2m = 2n 


and obtain a relation which is equivalent to the operator equation 
M.,(z) Ry (z — ie) E, + M,, (e, ©) — (Hy — E)M,, (c, ©) R,(z— ie) = 
= 2M., (2)R,(z) M., (e, 2). 
Multiplying (9.47) by R,(z), adding and subtracting the identity 
R, (z) E, = E,R, (2), 
Summing over a and §$, and rearranging terms, we obtain 


[ Ro (2) — Ry (z) 3 Ma, (2) Ry (z — ##) |[ Eo— 2 My (@, ©) = 


(9.47) 


-= ER, (z) — x Mi. (ce, e)R,(z — ie). 


Recalling (9.1), (9.26), and passing to the limit for *~0, we obtain (9.45), 
We now Set in (9.42) 


12 


m= 42 + F894 je 
ae 2n : 


so that 


' 
12 
z,—2z,==— 2 + 28g + ie 
2 17 ) 2n, 7 
We write the denominator (z,.— z,)~! in the form 
1 


ke 2 
+( +4 —z)x 
12 2m 2n / 
Le ee: 
2m * 2n * 8 2n, 
1 1 
- k2 2 - as 
: 3 ‘ P ‘ 
p+ ea i 1g +5, zt 


The right-hand member of the resulting expression may be written 
—L,,(c, ©) + (H, — zE)L,, (¢, «) R, (2 — ie) + ML, (2)R,(2) OL, (<, e). 
T 


In the left-hand member we have a nonSingular expression, containing 
the factor «. We multiply the last relation by R,(z) and sum over a. Passing 
to the limit for e+=+0 gives (9.46), which completes the proof. 

We obtain aS a corollary to this lemma, that if the function (x) is 
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bounded for any x, —o<x<o then 


¢ (H) U;® = Us*’> (A); (9.48) 
p (H) US’ — US» (fi). (9.49) 


We may therefore say that the kernels of the operators US and U®, i.e., 
the functions 


wH(k, ps k™, p) and WH (k, p; pr), 


are ina certain sense solutions of the equation 


po” (0)? 


BYES? (k, ps, p®) —(-— + ze) Wo (k, ps kK, ps 


(0)% 
Pa 
HY) (k, p; p”) = (+ 5 


) we (k, ps p®, 
so that they may be regarded as eigenfunctions of the operator H. 

Our next problem is to prove the completeness of the derived system of 
eigenfunctions. For this we will first derive, aS in § 8, a convenient re- 


presentation for the spectral function E(A) of H. 
We introduce the notations 


mg (k, ps 25 f= m,,(k, ps 21, 225 f)l=a=si (9.50) 
Lag (Pas 23 AHL (Pai 21, 225 AV s=a=s5 (9.51) 
(for the definition of the right-hand sides cf. (9.17), (9.19)), and 
gH (k, pi A=S(k, pP) + > ma lk, ps g++ E = 10; f); (9.52) 
=8 
8 (ps N= Dh (p. x + Fe = 10; f), (9.53) 
B 


5 ‘ 2 
By Lemma 9.1 these functions are defined if a +P i, and W454 th, 
respectively. 


Lemma 9.9. If is nota singular point of the operator A(z), and if 
ft, FEMS, »), then (EQ)f, f) ts differentiable with respect to 2, and 


———. ./Fk 2 
LEAS N= eM, ps NIE mPa +P — 2) dedp + 


2n, 


+ SlePes Nees 7 (+ == —.] dp,. (9.54) 


Proof. We make use of the relation between the spectral function and the 
resolvent 


y 9 


[AOS £)= lim a7 | (RO+#)—RQA—is)]f, fdr. (9.55) 
- s—>+0 rm 


In virtue of (9.1) the difference between the resolvents on the right-hand side 
of (9.55) may be represented as 


R (A-+ ic) — R(A — ie) = [ E—Ro(h-+- ie) 3 Map (A+ ie) | x 
x (R, (A + ie) — R, (A — ie) | E— 2 Map (\— ie) Ro (h— is) |. (9.56) 


Let us construct the quadratic form associated with this expression for 
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elements f and /’ in M6, pw). The right-hand side is a sum of integrals of 
the type 


" k, l, er A -+ ie; 
Nag(k, p; Ais; pees tes eel 5 i) x 
hie enero 


—__-—_ Par (Ka) Large (Pars A— tes Ff’ 
X{ Mag lk, ps \— te; f je Eo) oe (Pet OP dkdp. 


2 
a? 


A — ie +42, — on. 
We have written out here the integral which results from the multiplication 
of the Second terms in the square brackets on the right-hand side of (9.56), 
and used the notations of (9.17), (9.18), (9.50) and (9.51), and the symmetry 
relation (9.23) for the kernels cf.a(k, p; k’, p’; z) Such integrals have in fact 
been considered before in §7. By the same arguments which led to the 
proof of Lemma 7.9, we may prove that 


py (RA+ i) —-RA—L)S, f) 


tends to a limit for e+-+40, and that this limit is identical with the right- 
hand side of (9.54). This completes the proof. 

Let us split the spectral function E(A) into the sum of two terms: the 
step function E,(A) and the continuous function E,(A). The complete course 
of the function E,(A) provides the projection operator P,; on the subspace 
Spanned by the eigenfunctions of the discrete Spectrum of H. It is also 
clear that 


| dE, (})=E—P, (9.57) 


and that E(A) on the left-hand side of (9.54) may be replaced by E, (a). 
Lemma 9.10. The following relation is valid 


US ue” + UP UL” + US us -+)* Lge uPut” — —_— P.. (9.58 ) 


Proof. We first show that the functions g®(k, p; f) and g*(p,; f) are 
Square-integrable over the entire six-dimensional and three-dimensional 
Spaces, respectively. We denote by J, the real axis slit along the intervals 
[A.—&, 4, e] and by 2 and Q) the one Six-dimensional space, and the three 


three-dimensional Spaces slit along the spherical Shells leet), <e 
2 
and Jes Pt —a,) <e, respectively. Setting f=/f’ in (9.54) and integrating 


both sides with respect to A over [,, we obtain 


[rE Na : eG (k, ps )|2dledp + 


a 10 f)|? dp,. (9.59) 


The integrals on both sides are onowinie in e and do not decrease with 
decreasing e. For e>0, the left member of (9.59) converges to ([E— Pf, Sf) 
while the integrals on the right member extend over the entire Six- or 
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three-dimensional space, respectively. We deduce that 
[| ee ps A 
=(E—PAJA I< PS) (9.60) 


which implies, in particular, the required square-integrability. 
We now denote by g@)(f) and gi*)(f) the elements of %, and %,, generated 
by the functions gi*)(k, p; f) and g)(p,; f). Let us show that 
gP(/HULK 9% (f/) =U". (9.61) 


We note that in virtue of (9.22) the following relation holds for any f,ED, 
and fEM(s, p) 


Bs(e, fo, N=JAlk, p)m,,(k, pi H +B — ies f )dledp. 


We sum this relation over a and 8 and add to both sides the quantity 


(Boh, N= f(k, p) Fle, p)dkdp. 


The reSult is 


(U,(e)fo, N=Jhlk, P) 8 (k, P; x 4 Fie; f) dkdp. 


PasSing to the limit for e>=+0, we obtain 


(USA, f) == (fos go> (F))o» 


which, in view of the denSeness of 9, in ,, entails the first of the relations 
(9.61). 

The second of these relations is proved analogously. Let f,¢92, and 
FEM (O, »). In view of (9.24) 


——___—__, 
Pao Sig, 

(Ly. (€, ©) fas N=\ flrdle (>. xy 5 — He; f) dp,. 
Summing over § and pasSing to the limit for «> +0, 


(Us, p= cm g (Pe 
which, in view of the denseness of 9, in §,, entails the second relation of 
(9.61). 
Replacing E(A) in (9.54) by E,(), integrating the result with respect to i 
from —o to o, and applying (9.61) and (9.57), we obtain 
(E—P)f, f) =F US P)+-(UR"s, UR'/)+ 


+ (US's, US” ft) + (U¢” Ut” f ), 
whence (9.58), which completes the proof. 
The preceding results entail 


Theorem 9.2. There exist operators U® and U®, 4=—23, 31, 12, res- 
pectively mapping 9, and 9, into $, which possess the following proper- 
ties: 

1. Any function fE% is uniquely Asli in the form 

f= fa US f+ UP AF + USP P+ UY AP, (9.62) 
where 
faEC Ha, fP ED, FP EH, +=23, 31, 12. 
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2. The following relation holds for any function ¢(x), bounded over the 
entive veal axis 


9 (H) f= ¢ (Pal) fa + US’ (Bo) AY + > US 9 (B.) £2. (9.63) 
3. The functions fS, f are defined by 
{PANEL Jo Hue (9.64) 


4. The following relation holds 


FP =lAP +1 te 


fP 2. (9.65) 


Formulas (9.62) and (9.64) constitute a concise and rigorous statement of 
the expansion theorem for an arbitrary function in the eigenfunctions of the 
operator H. The equality (9.65) corresponds to the Parseval relation. 

Theorem 9.1 also follows from Theorem 9.2. We setfor U in Theorem 
9.1 the operators U™, defined as follows: if fE€H and f,, fu, fer fo are the 
components of this element, then 


U? f == U4 + US’ fos + US fa: + UP fe (9.66) 


It is then easily verified that in virtue of Theorem 9.2 the operators U 
map isometrically onto %, and possess the properties listed in Theorem 
9.1, 

Consider in 9 the operator 


S=UC"U™. (9.67) 


If f, fe, and fy far foo fy *==23, 31, 12, are the components of f and f, 
respectively, then 

f'=Sf 
means that 


fe= 2 Sash 


Here Summation is carried out over the values B=0, 23, 31, 12, and the Sx 
are operators that map §, into %,, defined by 


S.s=US'Us”, 2, B=0, 23, 31, 12. (9.68) 
Lemma 9.11. The operator § is unitary and commutes with any bounded 
function of the operator ff. The following relations are valid 


us —u"s, (9.69) 
that is, 


UO — = XU; “Ss, ¢, B= 0, 23, 31, 12. (9.70) 


The proof corresponds almost exactly to that of Lemma 8.8. The fact 
that now the operators U™ relate to different spaces is immaterial. 

The operators S. may be explicitly expressed by means of the kernels 
Mus(k, p; k', p’; z). We derive as an example one Such expression, without 
justifying rigorously all the steps. 

We substitute «—-e and e,—2e in (9.31); then 


(U, (—e) fo, U, (2) fo) = (fos foo+(X [M.s(—e, ©) —Mus(—e, —e)]/,, E, fc)- 
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Passing here to the limit for e+~—0, we obtain 


Soo fo= { E, + E; >I, (+0, —0)—M,, (+0, +0)}} /. (9.71) 


The right-hand side converges, at least weakly, ona dense set. The kernel 
of So, by (9.71) and the definition (9.15) of the operators M.,, (21, e,), may be 


formally written as 
Folk, ps kK, pena k’)3(p — an 


We write down without djevieaticast ie expressions for the kernels of the 


other S.,: ‘ - 2 p’? 
Poalk, p3 p,) = —2ni atte = x 


2 
, Pa : 
x dX (x, ws vi a On i 


Fag (Pai Pa) = 5.,5(P. — P.) — 


2 2 72 


e Pa Pp , 6 Pg . 
roe — x2 Bogs Ra : es eae 
anit oy 2n, # ag ie Pas —%, + an, +10] : 


We conclude this section with proof of Lemmas 9.4 and 9.6. We en- 
counter here integrals of a somewhat more general type than those actually 
required in the lemmas, namely 


Wag (k, pi; k’, ps 2) 
$f (p,) dp. 


walks Ps hie ey 23 A= (a “| (9.72) 


2. 


According to a formula of the type (5.3) for the kernel 2 
may be represented in the form 


walk, Ps Z1, 225 ke)=Pag (Kk, Ps Zi» 223 Ky) 


a8) these integrals 


Pa (F,) 449 (Pai 21» %0s ke 
og ( ) A =a a) ; (9,73) 
2+. — a 


where, in particular, 


ag (Par *&’, PY; 23) 
Sg (Pas Z1, 223 kg) =(Z2— 21) bal Nc Ula (P53) 4p. (9.74) 
2 _PB 
Zo + %_— 9, 


Comparing (9.43), (9.38), and (9.72), (9.74), and using (9.4), we find that 
the integrals (9.43) and (9.38) are expressed by those introduced in (9.72), 


as follows e 


, ke ; 
masks Bs hes Viet C ky Tt ys Pg 
k2 k2 BA 
Was (k, P; Om ~~ ss Figs fas Om + - ere ye k, ) : 


k. (Pp. kes ei, &)) = 
- 2 
Ps Pa 
—= Sap e —* Qn. Qn. 2) x). 


Let us now prove 
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Lemma 9.12. Let FzE NG, p). Then the functions Peg and ey satisfy the 
estimates 


| Pag (A; Ps 21, 29; k)|<C(| Zz, — Z|); 

| Pug (Pas Z1, Zo3 k)|<C(|z1— 22\), 
uniformly in any k,, for all z, varying within any finite region of the plane 
Nl» that does not contain singular points, and for all z, varying in that 
region and satisfying the condition |z,—z,|<8, where 8< i min x3, Whereby 
C(|z,— z,|)> 0 when Z1 > 2. 

Proof. We apply the same method as in the proof of Lemma 9.1. Namely, 
we show that the functions 
Pag(ky Pi 21, 223 Kp) and o,(p,3 21, Za: kp) 


may be considered to be the components of the elements wo, (Z1, Zo} k,), Satis - 
fying the equations 


o4(Z1» 223 Kj) =o (21, 203 ky) —A(21) (21, 20: ky) (9.75) 
where of) (z,, z9} k,) fulfills the estimate 
| of?) (Z1, 223 ks) lle KX C(| z; — zs|), (9.76) 


and C(\z,—2z3|)>0 for z,— 2. 
The elements wf)(z,, z.; ks) must obviously be generated by the integrals 


; Ww (k, p; Kk, ps 21) oe 
wi (k, Ps 21, Za lactis $f, (ps) dg, 
PB 


2 Ae 


where UW (k, p; , p’; z) are kernels of the operators WY (z) (cf. (3.16)). These 
kernels have the following representations 


2 n ” ’ 72 
: Pz \ 3(Pa— Pa) * (Ps — Pp) co P 
mew Hs Ifthe Ke 2 Be) IM a (Ky hy 2B ae 
3 2m * 2n 
Pa 


Replacing here f, (x, ki, Z— ) by its expression of the type (4.50), we 


2n, 
infer that wf naturally falls ‘into two parts 


Pa (k,) of (P,: 21, 2g) ks) 


2 
2 Pa 
21 + he aoa! 2n, 


w(k, Pi 2, 243 kg)—= eG (kr Pi 24, Zy3 Ky) 


We have repeatedly noted before that it is sufficient to consider the func- 
tions p. The estimates for of are obtained from the estimates for p@ by 
setting k,=0 in the corresponding estimating functions, 

Consider the function p®@, taking to be definite «=23 and B=31. We shall 


omit the indices 23 and 31 in pQ,,. Then 
a m pt 1 
9 (k, P; 21) Zo ki) =(z2—2z,) | tas ( Kos TP ae Ps 2,—f) Tay (Pie 


’ —1l 
my, r 2 P2 t ( my ’ ’ P2 
+ —_——_—- +-—_-_-- — —-+ ——— nas + 
m3 + m, P:) 2n2 a | oe m3 + my Pas Kay 2 2nq 


my, 1\ rer 
poi (Pa m3 +m P,) 31 (ks) 1 i j 
Sa ia RED —a— Se (Po) EP, 
2 P2 Po 
71+ %31— Ono 72+ %*31 — Ono 
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We denote by p# the contribution of the first term in the braces to p®, 
The denominator in the corresponding integrand may be put in the form 


1 1 
2 72% x 
2mo3 \P2-" ms + m3 : 2n, 7} agt S33 2ng 
2g — 2) 


x 1 my ’ 2 2 
2ms, \P1 + m3 4m, P2) + *31 + 7a %1 
If ler al< tx, then the second factor is analytic in z, and z, and 


vanishes for z;~z,. It may be shown by the lemma on Singular integrals 
(using the usual estimates of integrals over angle variables) that p(k, p; 
Zi, 23 ky,)EM (8, p) with some @ p for any z,€0_,, and for z, such that 
|2.— 2/54, and that |p!+0 for z,> z,. 


The integrand in the remaining contribution to p™ contains three singular 
denominators. The product of the first two may be written in the form 


1 1 
3 “i , x 
2m3) Pit m3 -+ my, Po} + 2no ~ 71 4) + *31 — 2ng 
1 


xX 


, 


z— ( ee! ae +x 
2m3, \P1 * m3 + my Pe 31 


The integral p© of the first term of this expression is treated exactly as ©. 
Consider the integral of the second term 


Pi 
(6 = (zn — 21) [fog ( Kae —P2— paced .—~) xX 


2 \—1 
\ U7 r Ps 
x $a(Pr P;) Pa1 (K53) (ees oS ae x 


12 


Pa 
x (2,4, ae oie 


Ne 


—1 
f2(P2) 4p. 
The denominators may be rewritten 
72 aN 2 °° vf ¢ 
2 Pe 3 Pe 2 _P2 2 Pg 
+ %3)— On 74+ %31 — On, £, + %) — Qng 42+ 1 oy 
So that p(k, p; z,, z,; kj) is represented as the difference 
PO (k, Pi 2s Za5 Ky)=[P(ks Ps Zr 21° Ky)—P (Ky Ps Ay 223 Key)] Per (Kai) 


of integrals of the type 
P(A, Pi 24s 295 ky) = 


P} 51(pa + p,) 

F m2 ae oe m3 -+-m, "2 , ' 

= bos (Ass, —P2— emer a 2n, ) ; 2 : ti (P,) dp, e 
P3 

z+ *31 — 2ng 


We then obtain by the lemma on Singular integrals the following estimates 
for p(k, P; 21, Zs; ki) 
[p(k, Ps 2 23 ks,)|<CN(k, ps 9), 
|p(A++A, pel, 2,44, 2,44; ky,)— p(k, Pi zy 253 KG) I< 
<CMN(k, ps [AIP [L/P + | Ai P+] As |"), 


83 


which imply that ¢%(k, p; z,, 2,5 k,,) also satisfies Similar estimates but with 
a constant C(|z;—z.|) which vanishes for 2z,— z,. 

The functions p@ (k, P; Z,, 2,5 kg) with any indices @ and 8 are treated 
Similarly. We conclude that the functions pQ(k, p; z,, z,3 k,) and op; z,, z,3 
k,) can be regarded as the components of the elements of) (Z1, , de ks), which 
satisfy the estimates (9.76). 

By definition of the functions pO (k, Ds 2, 223 kg), OB (Ps 2, 2,3 k,), the com - 
ponents of the solutions of equations (9.75) coincide with 9,,(k, p; z,, 2; kp) 
and 9,,(p,3 2, 2,3 k,). Then we may infer from Theorem 7.2 that 


\| g(Zr» Zs: Kp) |< CCl 21 — ze), (9.77) 
where C(|z,— z,|) 0 for z;>z,, for any z, ina finite region of I.» that con- 
tains no Singular points, and such z, as satisfy |z,—z,]|<8, where 3< mip ee 


The estimates for p,,(k, p; 2,, 2,3 ks) and o,,(p,; z,, z,; k,) that are stated in 
the lemma follow from (9.77). This completes the proof. 

The proofs of Lemmas 9.4 and 9.6 follow from Lemma 9.12 and the pre- 
ceding arguments. 


§ 10. Foundation of the time-dependent formulation of the 
scattering problem 
for a system described by the operator h 


In this Section we shall Show that the operators uM and aM, introduced 
in §8, play an important part in the description of the asymptotic behavior 
for t>-+o of the solution of the time-dependent Schrddinger equation 


i sQ=bf (0. (10.1) 
Theorem 10.1. The operator 
u (t) = exp {iht} exp (—hof} (10.2) 
strongly converges for t>-+o, and 
Jim w(t) =a. (10.3) 


The proof is given below. 
Let uS remark that a Solution of equation (10.1) that satisfies the initial 
condition f(t) |,..=/ may be written in the form 


f(t) = exp {—iht} f, 


so that Theorem 10.1 bears on the asymptotic behavior of the solution of 
equation (10.1) for t>-+o. It may be shown by means of Theorem 10.1 that 
the following formulation of the time-dependent scattering problem is 
meaningful for a system with the energy operator h: 

It is required to find a solution of equation (10.1) which 
satisfies the condition 


Jim || £(8) — exp (—ibt} f-|| =0. (10.4) 


where f£ isa givenelement, andto prove that there exists 
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an element f/,, such that this solution has the following 
asymptotic behavior for t>-+o 


Jim jf) — exp {—thet) f | =0. (10.5) 


Theorem 10.2. The problem just stated has a unique solution, and 
fr~=sf_, (10.6) 


where s is the unitary operator defined in $8. 

Theorem 10.2 gives a mathematical justification for the time-dependent 
formulation of the scattering problem for the considered system. The 
element {—iht}f_ describes for t-—o the free relative motion of two far 
removed and noninteracting particles. The solution f(t) describes the be- 
havior of the system during the collision between these particles. The 
asymptotic condition (10.5) shows that after the collision the particles are 
again widely separated and the motion is free. All the information about 
any change in this free motion as a result of the interaction is contained in 
the operator s. This operator is called the scattering operator. 

We now proceed to prove the theorems enunciated above. We start by 
showing that Theorem 10.2 is a consequence of Theorem 10.1. Consider the 


element 
Ff (t)= exp {—iht} af. (10.7) 


We shall show that it solves the stated problem. In fact, we have, in virtue 
of the unitarity of exp {—ih?}, 


|| f(t) — exp {—ilhot} /_ || = || [aw — exp {iht) exp {—ihot}] /_ ||, 


and by Theorem 10.1 the right-hand side vanishes for t+~—o. This solu- 
tion is unique. To See this, suppose that f,(f) and /,(t) are two distinct 
solutions. We write foO=—/,(0) and fo=—f,(0). Then 
A — SP |= WA O—-AOI SNA — exp (—ihof} f_ || +- 
+- || f2(t) — exp {thot} f_ |, 
and the right-hand side may be made arbitrarily small for t+>—o. 
Let us now prove the asymptotic relation (10.5). Writing 


f= f(f) joo = WP. 


we have, in view of (8.34), 


fo — ults f_ = uf. 
where f/,=sf_, and thus 


f(t) = exp {—iht}uf,. 


Repeating the above arguments we may now Show that (10.5) is satisfied for 
our choice of f,. This completes the proof. 
In order to prove Theorem 10.1 it is sufficient to prove the following 
Lemma 10.1. Let f, fi€d.. Then 


lim (exp {—iht} wf, exp {—ihot} S)=(/, #’). (10.8) 
~>+0 
We Shall show that this lemma entails Theorem 10.1. Since the operators 


au and uw are isometric 
|| exp {cht} exp {(—chot} f— uf |/? = 2((%, f) —Re (uF, exp (cht) exp {—ih,t} /)}, 
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and here the right-hand side vanishes for t+-:o if our Lemma 10,1 is 
valid. Thus, the operator u(t) converges on the elements f€. We con- 
clude, in view of the denseness of the set %& in § and the unitarity of the 
operator u(f), that u(f) converges strongly, which proves Theorem 10.1. 

We still have to prove Lemma 10.1. Applying (8.15), we rewrite the 
scalar product on the left-hand side of (10.8) 


(exp {—iht} af, exp {—ihof} f’) = 
= (u'® exp {(—shyft} f, exp {—ihyt} f!) = 
=(f, f')— (K(#0, ==0) exp {—ihof} f, exp {—rhof} f’). (10.9) 


It remains to show that the second term in (10.9) vanishes in the limit for 
t+>-=+o. Let us write it out as 


(k (==0, +0) exp {—ih ft} f, exp (—ihgf} f’ = 


Ld 
=, { yh ey (if 2D} peyanae 


0-40 Be & 
im 2m 
Upon integration over the angle variables and the substitutions f= x, 
2 

si =y, this integral reduces to 

4 A 

i(x—y)t 
Itt, )=f dxf dy®(x, y) ECE OO, 
0 0 


Here A depends on the radius of the sphere in the exterior of which 
f(®) =f ()=0. We now invoke the well-known proposition: 
Lemma 10.2, Let ®(x, y) be a bounded Holder function, defined in the 
square 0<x<A, OX Y<A. Then 
lim lim /(f, «)=0. 


f>+0 e>70 
This is often expressed symbolically as 


exp {itx} 


—* »() f>+0, 
x10 2 


The proof of Lemma 10.1 follows from the preceding arguments and 
Lemma 10.2. 


§ 11. On the time-dependent formulation of the scattering 
problem for a system described by the operator H 


In this section we demonstrate the relation between the operators U®), 
defined in §9, and the asymptotic solutions of the Schrédinger equation 


j LO af (t) (11.1) 


for |t|>o. 

The operators Us and UM, a=23, 31, 12 which were used to construct 
U, map %, and 8, into %. We shall now construct from these operators 
the closely related operators 0 and B®, which operate within §. To 
this end we introduce a few definitions. 

We denote by kh the identity operator that maps © into %, i.e., the in- 
verse of the E, of §9. Let P,, 2=23, 31, 12, be the projection operator in 
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% on the subSpace spanned by the functions 


Falk, P)= alk) Sa (Pa)r (11.2) 


where f£,(p) is an arbitrary Square-integrable function. Finally, let I, be 
the operator which maps P,© into %,, assigning to a function of the type 
(11.2) the element £€8,, represented by the function f(p,). 


Our new operators DU and U®, «—23, 31, 12 are defined as follows 


(4) yp. (11.3) 
OY — uUPLP., «—23, 31, 12. (11.4) 


It is clear that the operators uu», U® and oO, 0 define each other 
uniquely. 

The main result of the present Section is: 

Theorem 11.1. The operators 


U, (#) = exp (7H?) exp {(—iH,¢); (11.5) 
U. (t) = exp {Ht} exp {—iH.#) P, (11.6) 
converge strongly for t+--+o, and 
Jim Uo (t) = OF, (11.7) 
jim U.(t) = 0. (11.8) 


Since a solution of equation (11.1) that satisfies the initial condition 
F(t) lo = / may be written in the form 


f(t) = exp {—iHt} f© = W(t) /, (11.9) 


we see that Theorem 11 1 concerns the asymptotic behavior of such a solu- 
tion for t>+*o. 

Theorem 11.1 is analogous to Theorem 10.1 which deals with the operator 
w (t)= exp {—ih t}), However, there is a considerable difference in the results 
for the operators w(f) and W(t). Comparing (10.2) and (11.5), we see that 
the operators u(¢) and U,(t) have a similar structure. The asymptotic ope- 
rators uw™ and a of u(t) have an important property, which enables us to 
introduce the unitary scattering operator s=u*ut), namely, these opera- 
tors possess a common range. The operators Uj do not possess this pro- 
perty. Theorem 9.2 shows that only the direct sums of the ranges of Of, 
0 and of OF”, OD, «<=23, 31, 12 coincide. 

This difference stems from the basic difference between a two- anda 
three-body system, mentioned in the introduction. In the language of general 
scattering theory, the first system is a single channel system, and the 
second one a multi-channel system. The results derived in the present 
section serve to give a rigorous mathematical meaning to the concepts of 
channel, wave operators and scattering operator for a multi-channel system, 
on the considered example of a three-body system. Namely, it is natural 
to refer to the subspaces §, and 9%, of the space $ as channels, to the 
operators U~ as wave operators, and to the operator § as the scattering 
operator. All these concepts have been introduced in §9. 

The proof of Theorem 11.1 is, exactly as in §10, based on the following 
lemma, 
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Lemma 11,1. The following propositions are valid: 
1. Let f(k, p) and f'(k, p) be finite smooth functions, and let f(k, p)=0 in 


the neighborhood of the singular surfaces go Fe). Then 


2m 2r~=COS® 


Jim (exp{—iit) Of f, exp (—iHat} f)=(/, f). (11,10) 


2. Let f(k, p) and f'(k, p) have the representation (11.2), t.e., fEP.D 
and f'€P,9, and let f,(p,) and f.(p,)— finite and smooth Junctions, where 


ee jee h,. Lhen 
2ng 


Jim (exp {(—iHt} Of, exp (—cH,t} Paf) = (P.f, P./)- (11.11) 


}.(P,)=0 in the neighborhood of the singular surfaces —2+ 


Before we go on to prove this lemma let us show that it entails Theorem 
11.1. The operators Uj are isometric, and U’, «=23, 31, 12 are partly 
isometric, since Uf and US, a—23, 31, 12are isometric. More exactly, 
the following relations hold 


(Os, OP=(. Ff); 
O24 US) = (Pf Pf). 
From these relations we obtain 
( [Uo (4) — OS J? = 2 [| Fi? — Re (exp (—iHt) US? £, exp (—iHot} f)]; 
|{U.(t) —O] /[/= 2 [| P.f |? — Re (exp{—iHt} US f, exp (—iHt) P.f)]. 


By Lemma 11.1 the right-hand members vanish for to, and we con- 
clude that relations (11.7) and (11.8) are satisfied on dense sets. On account 
of the boundedness of all the operators involved these relations may be ex- 
tended throughout the Space. Theorem 11.1 then follows. 

It remains to prove Lemma 11.1. Comparing the definitions of the 


operators H., H, and L, «<=0, 23, 31, 12, we find that 
H, = Abb, H.P. = 'AL.. 
Applying (9.48) and (9.49) with ¢(x)=exp {itx}, we get the following relations 
exp {/Ht) 0 =O exp (Hot); 
exp (iH?) 0S —U> exp (iH.t} P.. 


which enable us to write the expressions on the left-hand side of (11.10) and 
(11.11) in the form 


(OS exp {—iHot} f, exp (—iMot} f) 


and 
Oo exp {—iH.f} P./, exp {—/H.1} P, f’) 
respectively. 
It is sufficient for the proof of this iemma to show that 
LS (6) = ((US — E] exp {(—/Hot} f, exp {—iHpt} /’) (11.12) 
and 
1S? (2) = (US — P.] exp (—iHt) Paf, exp (—iHat) P.f?) (11.13) 


vanish for t>-=+o, if f and f have the properties required by the conditions 
of the lemma. Let us first consider (11.2). By the definition of US (cf. 
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(9.26)) this may be rewritten in the form 


I? ()=lim 3 le (t, 8), 
2—>+0 
where 


pea re kK * 
last, )=— FE, potter (k, ws k's p's K+ Bow ae) FR, pl) x 


[eke p2 k’ p’ 
*xP\' lam" Qn 2m an | 
acc Lem en De 2 edpakdal: 


Introducing the notation 
re an A 
2m * an *? Om © On 
and : ‘ 
k ray re 
®.6(x, y, 9) =— [3(5— 4+ £-— x) fk, p) x 


xX Mag (k, pik’; p: Fo Py ic) A(R, py? (Fe — y) dkdpdk'dp’, 
we may write le(¢, ¢) in the form 
A A 
Tost, ®) =f dxf dy®p(x, y; 2) PEE = 99 | 
0 


x—y—ieé 
0 


One easily verifies that the function 


A 


k 
map (k', p's Xs e) = | Mas (k, pk’, pls goat ie x 


ao ( KB 2 
x f'(k, p) s(5 + — x) dkdp 


encountered in the construction of ® (x, y; ©), may be expressed aS a dif- 


a 3 


ference of functions mug(k, k; z;, z33 f'), (cf. (9.17)), with z;= a Fie and 


Z=x-10. Hence this function possesses the properties stated in Lemma9g.1. 
In particular, it follows from this lemma that miag(k’, p’; x, ©) is a smooth 
function of all its arguments for any k’, p’ which lie in a bounded region that 


k’ : . roo : 
= 5 ye Since /(k’, p') vanishes 


in the neighborhood of these surfaces, the product 
f(k', p’) mas (k’, p’, x, e) 
iS a Smooth bounded function for all values of its arguments, and, conSe- 


quently, the same goes for ®,9(x, y; ©) too. From Lemma 10.2 it now follows 


that [{f (tf) vanishes for t—=tc, which proves the first statement of Lemma 
11.1. 
Consider now (11.13), written in the form 


(4) (4) = 1} Tt 
PO=lim Dale 9, 


does not contain the Singular Surfaces 


where ; 


Ig (t, &) = — | Pa(Ke) fa (Pa) be @ Ps Pi er weccaven | 9p x 


2 12 
| ; | Pa Pa Z 
exp} i | 5—- — 59> 
x i 2 BL | ae 
2 p? 2 Pa : 
2m * 2n * *a— 2n, a 
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Let us express o%f, in terms of the components %, and #, according toa 
formula of the type (5.23). We obtain 


[,(t, 9) = — orang ie) 94k, P; P3 “ga 27) + 


2 e 
aot aT te — Zz — ie 
2m 2n a 2n, 


3 
. ’ Pe 
p (kp) # ga @ Pa a+ Oa + .) 
+e Ne | dkdpdp,. 
2 Py 2 Pa ‘ 
—% + 2n, ae tg 2n + 1€ 


The product of the singular denominators may be written as 


2 —l 
2 2 p ; 
a . is) + 
a 


a p? —!] RB —\l 
ee er rear, ee fy 42 
rel a Fon, TB Bie) ($+) : 

The functions in the numerator of the integrand in le (t,£) may be as- 
Sumed to be smooth. Though the components of the kernels @,, are sin- 
gular when z=.,, these singularities disappear since the function f(p;) 

12 
Po 
2n. = ha. 
contribution of T pe and F a from the first iterations of the system (3.20) 
cannot destroy the Smoothness, Since by Lemma 6,5 the corresponding 
kernels admit no Secondary Singularities for z values in the neighbor- 
P.? 
‘2n, * 

If a-48, we may take p, and p, as the integration variables in the estima- 
tion of Lisl, e). In integrating with respect to p, we have an ordinary Singular 
integral. After this integration /,, becomes 


vanishes by definition in the neighborhood of the surfaces —x?+- 
hood of —x?+- 


[poop ’ 
I g(t, e) = | ® (p,, Pai ©) &XP | I jae t { dp,dp,, 


where ®(p,, p,; &) is finite, Smooth and uniformly bounded in e. Now by the 
Riemann-Lebesgue lemma g(t, e), 2-48, tends to zero uniformly in e« as 
|t|> oom 

If a=, we take k&, and p, aS integration variables, The term with the 

12 —l 

denominator 4 Ft ie becomes upon integration with respect 
to k, a smooth function of p, and p,, and its contribution to I, vanishes for 
|t] co. The remaining term is Simply the normalization integral for the 
function 9,(k,). We finally obtain for |t|>o 


12 


129 (t)= lim ( f(Ps) Bon e Pa Xe Seale (P.) x 


pip poop, = 
xX exp i pas | Ons — On — e| dp,dp, + 0(1). 


By Lemma 10.2 the first term vanishes for t~-o, which confirms the 
second assertion of our lemma and completes the proof. 
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APPENDIX I 
Properties of Hdélder functions 


In this appendix we prove the propositions concerning Hélder functions 
stated in§ 4. TheSe statements refer to functions f(k,, ..., kn, 34... +. 2m) Of 
n three-dimensional and m complex variables. Here it is convenient to 
designate collectively all, or almost all, of these variables by a single 
letter and refer to functions f(r), defined on a metric Space & and having 
values in the metric space $. We denote by |x—-x’| and |f(x) —f(x’)| the 
distance in ¥ and %, respectively. 


Lemma lI,1. Let f(x;, x2) be a function defined on ¥€@X with values in 
GJ, and 
| fC, x) — f(x, x9) | < C( | xy x, [Hs 4+ | x9 — x9 +). (1.1) 
Then 
f (x) =f (x, x) 
satisfies the condition 


[f(x) —f(x')| <Clx—x'h, [x—x'| <1, (1.2) 
where »=min (pj, b9). 

The proof follows immediately from the following Sequence of estimates 

Lf (x) — f(x’) L=1f lx, 4) — f(D SI fle, xe) — F(x’, x) [+ 
+ | f(x, x) —f (x, x’) | C(x efx’) Cl xa’. 

Lemma lI,2,. Let * and 8 be two, generally different metric spaces, 
and let f(x,y) bea function defined on XQB with values in §, which 
satisfies the condition 

f(x, y)—fl(xe,y)|<C(le—x' P+ly—y’'l). (I. 3) 
The following estimate is then valid 
[f(x y—flxy)—fle ye fle, y) |< Clr— x PT y—y Pn), 
0<7<l. (1.4) 
Proof. Let 
fx—x' [PS ly—y’l’. 
Then 


f(x. y) fle, VHF yd HF) <I f (ey) —F (x, | + 
+ | f(x’, y) — fl’, y’) | S Cly—y'|’ < Cly—y |[ttU- < 
<Cjx—x' i y—y (A). 


The case |x—-x' |* <|y—y’'|’ may be treated similarly, if on the left-hand 
side of (1.4) the first term is grouped together with the third, and the second 
with the fourth. This completes the proof. 
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Propositions I and II of § 4 follow from the preceding lemmas. We now 
pass to the proof of proposition III, i.e., the lemma on Singular integrals. 
While the required result could not be located in the literature on Singular 
integrals, it is not difficult to reduce it to known results. 

One usually considers Singular integrals of the type 

t 
=f, 

T 
where the contour y lies ina finite region of the complex plane. In order 
to assure that integral (1.5) has a meaning for any z up to the contour, we 
impose the Hélder conditions on 9 (f) 


dt, (1.5) 


lIp(tvi<C; le(t)—et)|<Cle—e PP, (1.6) 


where |t—?#'| is the length of arc between the contour points ¢ and ?’, » an 
index, 0<p»<l. If condition (1.6) is fulfilled for arbitrarily small |t*—f’'l, 
it is also fulfilled for any distance between ¢ and ?’. 

The integration contour iS in our caSe a Straight line extending to infinity. 
Then conditions (1.6) must be modified by the addition of conditions at in- 
finity. We impose the following conditions 


le(e) i <C(l+jep—; 
le(t+l—e(t)| <C(l+ [en-rip. (1.7) 


It is asSumed here that 9(¢t) is defined on the real axis —w<t<o, that 1 is 
a real number, and that @ and w» are such that O0<0<1; O<p<l. If (1.7) is 
fulfilled for arbitrarily small |/{, it may considered to be fulfilled for any 
|4{| <A, where A is a fixed finite number. However, the corresponding 
constant, generally Speaking, increases together with A. We Shall usually 
assume (I.7) to be satisfied for |2| «1. We introduce the definition 


Lee D900} 


uP (1.8) 


| = s 1+|¢t | t 
Well tea lel yle@l+ 
The following proposition iS needed: 

Let 9(t) be defined on the real axis ~w<Ct<o, with ||@lle,,< © and 
¢(t)=Ofor |t]|>A. Then 


r) 4 
® (z) = j IO t= J VO) at 


is an analytic function of the complex variable z throughout the plane slit 
along the realaxis from —A to A, and the following estimates are valid for 
any z in this plane: 
[®(2)/<Clletl,,Q+lzi)—, 
| ® (z+ 4)—O(2)| <Cllell,,@+lz) 14h, 


where C depends only on A and ug. 

These estimates are obvious for |z|>2A, Since for such |z| the integral 
is nonSingular. The proposition follows for small |z| from Privalov's 
known lemma on the Cauchy principal values of integrals with a Hdlder den- 
sity, and from the maximum principle for analytic functions. The proof of 
Privalov's lemma and other properties of Singular integrals needed for the 
proof may be found, e.g., in /11/. We will refer to this proposition as 
Privalov's lemma. 
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We now apply Privalov's lemma to prove 

Lemma I,3. Let 9(t) be defined on the real axis, and let He (2) Il. p<. 
Then the function a 

¢ (t) 


t—z 


® (z) = dt (1.9) 


—@® 


is analytic in the upper and lower half-planes, continuaus up to the veal 
axis, and the following estimates are valid for any z with lmz>0 or 
Imz <0: 
IP (z)1<Clleliy (1+ |z2|)~° 
[® (e+A)—%(z)|< Pb dh ile (1.10) 


where ® may be taken arbitrarily close to 6 from below. 
Proof. We uSe the uSual notations 
xy==Rez, y=Imz, p=|z|, p=argz, 
so that 
z==x + iy =pexp {ip} =p cos ¢ + ip sin g. 


Consider, say, the caSe y>0, and divide the upper half-plane lI'*) into 
strips II*), defined by 


nm ? 


1 
|x—nl<o, 


where n assumes positive and negative integral values 


n=..., —2, —1, 0, 1, 2, 
Let 7(t) be the cutoff function 
ne 1}¢} <1, 
‘ See 


O<a(th<1; [V(H|<C 


Consider the case z€lII'‘*) for some fixed n. We express ®(z) as 


[oe] 

nit—n) f(t) | [1 — 4(t—n)] f (2) 

poe t—z a t—z dt= of”) (z) + ot) (z) 
—o 

and estimate each term Separately. The denominator in #{")(z) is nonsin- 

gular, so that ®{")(z) is analytic in I, and 


® (z)= 


n—\ © 
| ©") (2) | <Cl|l¢ | | + | Ja +-|t|)-° ((t — x)? + y2)— "det < 
—o n+) 


fee) 
< Chelan | @— Leb (P+ gh de < Cllelle, py 
"la 


If p21, we may change the integration variable in the last integral, 


writing t=pt’, and obtain 
@ 


| 0”) (z)| << Cle lle, ad | | t—|cos@| | (2? + sin? g)- 2 dt<C II 9 II, 0 In p. 
1 


2p 
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In the last ce it is necessary to consider Separately the caSe sin?g > 3 
and sintkto < = J. 
We finally obtain 


| (2) | < Cl] el,, +12” (1.11) 
Similarly 5 
d _— = 
gr Of le) < Cll ¢ lou | | t — |x| 8 (7? +. y?) lat < Cle lle, (1+ fz |). (1.12) 
‘ls 


Consider now #(z). We make in the integral of #")(z) the substitution 


. U=—t—n 
and write 


If zEl), then 


[z’| >lyl. 
We obtain 


2 
pi) (z)= pl") (z’) = | fn(2) dt, 
—2 


where 
Gn (t) = 7 (t) p(t -+ MN). 
The properties of »¢(t) imply that 
lén(1< Cle, ,(—+iat)-*, 
[Fn (t +l) — F(t) < Chek, lal)? [li 
The following estimates are obtained from Privalov's lemma 
|B (2’)| <Clok ,d+lalyedelg|)7, (1.13) 
| BO (e! + A) —B(e')| < Chola + jal day ly pal. 
It is clear that for z€ 11) 
(l+jn|) (+i yl <C(l+fz| (1.14) 


It follows from (1.13) and (1.14) that pt?) (z) satisfies the estimates (2.10) 
for z€I*. The same statement for ®) follows from (1.11) and (1.12). 
This implies, in view of the arbitrariness of n, that the estimates (1.10) 
are valid for ®(z) with any z. 

This completes the proof. 

Consider now the Hédlder function f(g) of the three-dimensional variable 
gq. We assume that f(g) Satisfies the conditions 


lf (9) | < CM (q), 
lf (q+ A) — f(q)| < CM (q)| AIP, (1.15) 


where 
M(q)>0, [d2M(q)<(+|q)7—. 


Here A iS a three-dimensional vector, |k| <1, and 6 and p satisfy O0<6<] 
O<p<l. We write 


Rye 
Fle, p= sae 4) —fig(qj+ Pepe ha} (1.16) 
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Though this notation resembles that of (1.8), misunderstanding is un- 
likely to occur. 


Lemma lI.,4. Let m>0. The function 


® (z) = dq (1.17) 


is analytic in the complex plane Wy, slit along the positive real axis, and 


for any z in this plane 
Q” 


1% (z)1< Cif, +lzel) *, 
Q’ 
| P(z4-4)— O(z)(/<CIHf, , +z!) 2) Ay. (1.18) 
Here v=min (s. r), and # may be chosen smaller than @ and as close to 


it as desired. 
For Rez<—1, %'(z) satisfies the estimate 


(1+ 4) 
| ©’ (z)| <Cifly,, (+121) (1,19) 
Proof. ®(z) may be written in spherical coordinates as 
C lald 
@ (y= (121213 (194), (1.20) 
an 2 
where pen 
$(1al)=lal | df (a). (1,21) 
Writing t= a and 
m3(V2mr), t > 0, 
eo=| 0, t<0, (1.22) 


we obtain the representation 
co 
t 
® (2) = | PE a, 
—o 


It may be deduced from (1.15), (1.21), (1.22) that 
6 


Le()1<Clfly »+itt) 2, 
6 
lp(t+N—e(i<Clfla,G+iel) * 7, (1.23) 


1 ; 
where v= min (x, 3). Let us derive the Second of these estimates. Let 


1 
[Z| <9 ltl. If ¢<0, then t+/1<0 and 9 (t)=9(t¢+/)=0, So that it is sufficient 
to consider the case t>0. Then 


1+6 
p(t) —9t)1<Clb,g | MET— VF [ae led a+ 


_ i+? ar | 2 
+ Vr |ve+d —ve |P(1+/¢{) | <ccith.(+lel) : ata. 
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1 
If, however, |/| > ry |¢|, then 


x a et 

eee n—elotccQiertt ere ity tel) a < 
a5 2 
<Clifh,(@—+iel) 71217, 


which completes the proof of the required estimate. 

Thus 9(t) satisfies the conditions of Lemma 1.3, and ®(z) is therefore 
analytic in the upper and lower half-planes and satisfies in each of them the 
estimates (1.18). It is obvious from (1.20) that ®(z) is analytic in the neigh- 
borhood of the negative real axis, so that the estimates (1.18) are valid in 
the plane II. 

It remains to prove the estimate (1.19). We readily verify that 


l@C(lal)I<Cifly ,d+laiy, 


whence 
(ee) 


|’ (z)|< Cll,» | rdr (1+ rl ( a — x) sy] 


0 


This gives for r<0 
(9) 
|S’ (z)| <Cif ly wlzl 


9 


and thus (1.19) holds for x< —1. 
This completes the proof. 
Proposition III of § 4 follows from Lemmas [1.2 and 1.4. 


APPENDIX II 
Estimates for some integrals 


We shall derive here estimates for three integrals which appear in the 
main text. 
We encountered in § 4 the integral 


I(k, |g. =| dQ, (1+ [k—gl)>. (II. 1) 


Lemma II,1, Let §<2. Then the following estimate holds for I(k, \q|, 9) 


IM(k, lg], 1) < C+ ki) (+t gl), (II. 2) 
6, + 6, = 6, 
Proof. In spherical coordinates the integral /(k, |¢g|, 6) assumes the form 
1 
I(k, 1g]. == 2x | dn[l+ (B— 2 kl fgla+a2)"T, 
—1 
which 1S Symmetric in |&| and |q|. Consider the two cases 
1. |Al <1. Then 1 


[Mk 1g. |< 2x [ dn <n. (11.3) 


—1l 
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2. |k| 21. Then 
: 8 
IM(k lal, |< 2m | dy(k—2\ eligi q+g) = 
—l 


ae (a+ lg Pete oe (ee? 1 PF 
— 2-6 LEll@| ~~ /9 2—6 f , 
where rath. One eaSily verifies that if O0<a<2, then 
(l+¢)*—J1—¢}]" 
i s 


is uniformly bounded for 0<t<o, which implies 
|1(k, lal. I< Cel (11.4) 
for 0<2. By (II.3) in conjunction with (II.4) we obtain 
LT(k, lal, O1< C+] kl )—. 


Now (11.2) follows in view of the symmetry of / with respect to |k| and |q|. 
This completes the proof. 
Also in § 4 we had the integral 


I(a) =| + 1¢l)* A +19—al)#ag. (11.5) 


Lemma II,2, Let a<3, B<3, and a+B>3. Then 
[I (a)] <C(1+]a|) “9, (11.6) 


Proof. We consider the two cases 
1. Ja|<1l. Then 


I(a)| <C[(1+1 9) < C, (11.7) 


Since a+ 8>3 by condition. 
2. |a|>1. Then 


\I(a)| < [lai lqg—al-bdg <|alt#9-3 | 1g’ |" lq’ — a [Rdg <Cjalt+#-s, (11.8) 


Here q’=|alg, and a=7 oy. Now (II.6) follows from (11.7) and (11.8), which 


completes the proof. 
In § 6 we encountered the integral 


I(a, b)={ (1+ 9%)! (1+ |g —a [81+ | g— 1) ag. (11.9) 


Lemma II.3. Let 1<8#<2. Then 
|Z (a, b)| <C(1+]a})—, (11.10) 


Proof. In spherical coordinates we have 
fee) 
| I (a, BI < | dig! | dy (Q+iq—al)“*(+1q¢—2))*. 
0 


We take 8<1, such that 0+3<2, and estimate the integral over the angle 
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variables as follows 
[d2, (1+ q—aly + lq—bI)y*< [dM (1+ lg— al) + 19-51) x 


145 —) 3 145 
X (1+ l¢|—14ll) <C(l1+jal)~(l+{gl)~ (l1+{lai—joll) = ?. 


8 
ay ee oe 
Here we relaxed the estimate, replacing (1+[q—6|!)~* by (1+|q—64]|) | z) 
and used the trivial inequality 


4 


(l+la—b/)°<(l+llgi—lelly’, @>0, 
aS well as Hdlder's inequality with suitable indices, and Lemma JJ.1. We 
finally obtain 
© 8 
ae eee wigbes) 0 
\H(a, b)} < CW + lal] dex (1+ | x— 184) <C(1+la{). 
0 


This completes the proof. 


APPENDIX III 
Proof of Lemma 6.2 


We shall now derive estimates for the integral 


f(q) dq 
I(a, 5, &, S| ter ae (111.1) 


which appeared in Lemma 6.2. Here a, 6, q are three-dimensSional varia - 
bles, 4 are complex variables, and f(q) a Hdlder function which satisfies 
the conditions 

Lf(a1<C; \fla+h)—flg)| <Claye (111.2) 


and vanishes outside a sphere with radius of the order of VR, where R>1 
is a fixed number. We shall be interested inthe explicit dependence of all 
the estimates on R. 

We assume that a, 6, §&, 7 vary within finite regions of the three -dimen- 
Sional Space and of the complex plane IIg, and that 


a? < CR; b2< CR: |E|<CR; \4|<CR. (111.3) 
It is sufficient to consider the integral (III.1) for 6=0, i.e., 
te f (q) dq 
I (a, &, =| [(g — a)? — Ef [q2 — 7] (III. 4) 
Since the general caSe, for b#¢0, may always be brought to the form 
a f(q +6) dq 
Ha, 6. & V=| awh fe aay ets? 


by the Substitution q@’=q—6, a’=a—b. The smoothness of this integral 
with respect to the variable 6 in the numerator follows immediately if we 
can eStimate the integral (III.4) by means of the constants of (III.2) and R. 
Otherwise the form of (III.5) is exactly as that of (III. 4). 
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The integrand of (III.4) contains two singular denominators, and the two 
Singularities are in general inSeparable. It is therefore natural to look for 
a system of coordinates in which these denominators would depend on dif- 
ferent variables. The spherical coordinates around the vector a as axis 
are Suitable for this purpose. 

Let us carry out all the steps of this change of variables in (III.4). Let 
91, 92, 93 and aj, ag, ag be the Cartesian components of the vectors q and a 
in some fixed system with axes QO), O2, O3. It may be assumed without loss 
of generality that a;30, otherwise we Simply reverse the Os3-axis. We 
now pass from the integration variables gq, 92, g3 to the new ones r, s, ¢, 
according to the transformation formulas 


G) = ay4r V1] —s2sin — -+ aor V1 — s2cos — -+ aj9rs; 
92 = agyr V1 — s2 sing + agor V1 — 82 cos 9 + aogrs: (III. 6) 
93 = 951° V1—s2sin YP -+ agor V1 — s2cos ~ - 233/78. 
Here a,;, i, j=1, 2, 3 are the elements of the orthogonal matrix which re- 
presents rotation of the initial rectangular axes around an axis perpendi- 


cular to both the O3-axis and the vector a, so as to align the new O3-axis 


with a. The a,; thus depend on the direction cosines of the vector a rela- 


tive to the old axes, which we denote by 4), da, a3. These are the com- 
ponents of the unit vector along a: é=/3/- The explicit form of the matrix 


ja,;(a){| is 


: a 420 
a3 ] + d3 _ ] + &3 oy 
I as; (a) {| = de a ae a : ° 
] + a3 3 ] + a3 a2 
—d, — ay a 
Note that 
1 
\4;|< 1; |grada,|< lal’ 
whence 
C 
\a,;(a)| <1; [grada,;(a)|< Ta (III. 7) 


excluding the neighborhood of the point 43= —1. 
In the new variables r, s, » the integral (III.4) assumes the form 


oo l 
r2dr ® (s, r, a) 
Mat v=| aay | aoa PoE nse 
—1 
where ° 
2x 
® (3, 7, a) =] f(a) de, (111.9) 
0 


it being understood that the variables q,, 9, g3 in (III.9) are expressed in 
terms of r, s, g via (III.6). The integral (III.8) contains two singular de- 
nominators, but one of them depends only on r. It is therefore possible 
first to consider the integral with respect to s as a function of all the varia- 
bles and then uSe the obtained results to estimate the integral with respect 
to re We must first check the smoothness of the function ®(s, r, a). 
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Lemma III,1. The function ® (s, r, a) is a Holder function of r and a 
for fixed s, satisfying 


| @(s, r, a)| <C; (111.10), 

|®(s, r+A, a)—P(s, r, a)| < CIA; (III.10), 
7__1|Al 1 

| P(s, r, a+h)— P(s, r, a)t< CR? ae (111.10), 


Here a+ 6A denotes the point with the coordinates a; + 0h), aq + O4h9, a3 + 85/3, 
where 6), 6), 8, are certain numbers, 0<6@;<1, i=1, 2, 3. 

Proof. The first two estimates follow directly from the properties of 
the function f (gq). To derive the last estimate we consider two cases: 
— z since az320, so that we may apply the 
eStimates (III.7) and the mean value theorem in order to verify that 


1 
1. |Al<-—gla|. Then 3+ hy > 


[Al 
Jacy (a+ A) — 945 (a) | << CT aRy (III.11) 


1 
2. |A|> pla. Then 


2\A| [A | 
| a} 


la,;(a+ h) —a,;(a)| < (lazy (a + A) | + | 2; (a) |) 


which is a particular case of (III.11) for 6,—6,=6,;—0. We thus find that 
for any A 
| D (s, ry, a+h)— ®(s, r, a)|< 


ae — a; e Randal Decal Epon 
Or max laujlores”) a;;(a)\* < CR la+ 0h - 


This proves the lemma. 


Lemma III, 2, The function ®(s, r, a)is a Holder function of s for fixed 
r and a, and 


p» 
|B(s+ A, r, a)—® (s,r, a)| <Cr*|Al?. (111.10), 


Proof. Let us first assume that f (q) is a continuously twice-differen- 


tiable function 
| grad f (q)|<C,; |grad2 f (q)| < Co. 


We will show that ®(s, r, a) iS in that case differentiable with respect to s, 
and 


Q 
je Pls. re a)] <C (Cyr + Cyr?). (111.12) 


By definition of ®(s, r, a) we have 
Qn 


0 of (q) =e. 2 
95, 2 Cs, r, o)= | de| Oa; (aur Gay sin + 
0 
— 0 0 
+ anar Fegeos et mir + Fe (Gp (I11.13) 


The terms indicated by dots are analogous to the first. It follows 
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immediately from (III.13) that 


(111.14) 


0 r 
lap Pla. 0) <CC, Fear 
The factor (1—s?)— on the right-hand side of (III.14) may be dropped. In- 
deed, consider a typical term on the right-hand side of (III.13), containing 
the singular factor 


2n 
Of(q) . a44rs 
ce (s, r, a)= | dp ia sin as 
0 
The function Eta) does not depend on » for s==1 and the integral of sing 
1 


over a complete period vanishes. We now build up this argument into a 
rigorous proof. To be definite, let us take s>0. We then have 


Qn 


0 d 
e(s, r, a) = | dp (“ie f (9) 
0 


09, O4) 


a )rs 


1) sin © eis = 


2n J 
aj,)rs 


Of |, «@ 
=| de | ar dine ES 
1) s 


Repeating the derivation of (III.14), we find the following estimate for the 
second derivative that appears in the last expression 
aaa 
0q)0s 


r 
es ar 
which gives : 

ds’ 
Se Se 2 
lc(s, r, a) < CC? | vin faa = OOo, 


and hence (III.12) follows. 
Let f(g) now satisfy only condition (III.12). In this case we may choose 
for f(q) a mean-valued f,(q) Such that 


Ifig—flaI<ClAl; 


C C 
| grad f,(9)|< [Ap | grad? f,(q) |< apo 


We construct the function ®,(s, r, a) from f,(q) according to (III.9). We now 
have 
| ®(s+A, 7, a) — P(s, 7, a)| < | P(s+A, vr, a) — Oy (s+ A, 7, a) | + 


+ |@(s, r, a) — Py (s, r, a)| + | Py (s +A, 7, ac) — Oy (s, 7, a) |< 


r r2 
< al 8 (a+ =) a |. 


Taking for the averaging parameter h=rA™, we finally obtain 
Led 
|®(s+A, r, a) —P(s,r,a)|< Cr | A|?, 
This completes the proof. 
Having clarified the behavior of the function ®(s, r, a), we may turn to the 
Study of the internal integral in (III.8), which has the form 
1 
® (s) ds 
r2—2/alrs+azt—é- 


[ia tyes | (111.15) 


=. 
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Here and in the following we shall occasionally omit to write the arguments 
r anda of ®(r, s, a). The integral (IIJ.15) is an ordinary singular integral 
over a finite interval, and has therefore known logarithmic Singularities. 
In order to Separate these singularities, consider a smooth interpolation 
function 9(s) having the properties 


9 (s) = 1 
—l 9 <s<l, 
le(s)1 <1; [e'(s) | < C3] p(s) 1 <C. 
We now Split ®(s) into the Sum 
P (s) = ®, (s) + ¥(s), 
where 


1 1 
Po (s)= % | © (— Ij+® ay |+ yf e(—y- ® (1) Jew) (111.16) 
and 
 (s) = ® (s) — Oo (s). 


The function ,(s) vanishes at the ends of the integration interval; ,(s) 
is differentiable with respect to s. The function @,(s, r, a) alSo vanishes 
for r—+0O, or more accurately, satisfies the estimate 


|, (s, r, a)| < Cr’. (111.17) 


To see this, note that d=@®(s, 0, a) does not depend on s or a, and is 
thus a constant. Adding and Subtracting this constant in suitable places, we 


obtain 
| P (s, r, a)| <|P(s, r, a) —d|+ | (1, r, a) —d|+|®%(—1, r, a)—d|, 


which in view of (III.2) implies (III.17). 
We consider separately integrals of the type (III.15) with ®,(s) and ©, (s) 
in the integrand. In the caSe of 9(s) it Seems natural to integrate by parts 


1 
1 
= Olalrace = Pale J P2(s)dla(r?— 2) alrs-+ a? —£) == 
—1 


1 
dr 
I(r, a, = | %(s) 5 
—) 
STE © (—1) In [(r + | a |)? — &] — ® (1) In [(r — | a |)? — EJ + 


1] 
+ 51% (1) — 0 (1) fo (In (22 Jars a2 — dst. (11.18) 
—1 


Here we have chosen that branch of In(—z) which is single-valued in the 
plane slit along the positive real axis and Satisfies the condition 
Im In (—w2 + i0) = —Im In (— w? — 10). 


The last integral on the right-hand side of (IJI.18) may be rewritten as 


l 
1 
aie a [-maielr« ] ds 9’ (s) In wo] ; 
i) 
where t= t(r, a, £) stands for the expression 
r2 4+ gq? —& 


— 2\a|r 
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The integral with ,(s) is also conveniently expressed in terms of t(r, a, §): 


J 

©, (s) ds 1 ds 

I(r, a, 8) = | r>—2|a|rs+a?—§& =~ I2lalr J os) t—s° 
a1 =I 


Our next problem, accordingly, is to examine the dependence of f(r, a, &) 
on its variables. 


Lemma III, 3. The following estimates are valid 


| 4 | 


|t(r, a, §+4)—t(r, a, ee : (111.19), 
A 1 
l\¢(r +A, a, §)—t(r, a, Ni<cr tit; A<gr ({11.19 )o 
h 
| t(r, a +A, f) — ¢t(r, a, E) | < CRSA (111.19), 
CR 
|¢ (r, a, Eyl < halen” (111.19), 
Proof. We have 
A | A| 
[t(r, a, 8+ 4) —e(r, a )1<|—Zro7 < lal|r ® 
a2 + r2—F a2 + r2—€ 
l\t(r,a+h, &)—t(r, a, &)\ < Diack  2ialn- + 
a2 — (a + h)? CR |{a+h|—lal]| - ER [Al ; 
| 2lathl[r |< 3+ lallawh| “= & Vellewar|.” 
|a2-+ r2— €| CR . 
hs 2\alr < [alr ’ 


the estimate (III.19)g is proved analogously to (III.19)3, keeping in mind that 
1 2s 1 

pea ES gt 
This completes the proof. 
We now return to the integral (III.15). 


Lemma III,4. The integral I(r, a, §) may be represented as 
1 
I(r, a, 2) = Bap (2nf (—ra) ln [(r + | a 1)? — 8] > 


+ 2nf (ra) In [(r — | al)? — €] + #(r, a, §€)}, (III. 20) 


where f(q) is the function appearing in the integrand in (III.4), and #(r, a, é) 
satisfies the estimates 


_ 4 
2 r 
|P(r, a, 8)1< CR” Toe: (111.21), 
| FP (r+A, a, &)—P(r, a, &)| < CR * aaa (III. 21 )o 
la}? 
* Ai 
[| P(r, ath, &)—MF(r, a, &)| < CR * To + OAP : (III. 21), 
is 
q 14)? 
[| P(r, a, &+A)—A(r, a, §)| < CR ; (111.21), 
2 
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Proof. The first two terms in (III.20) come from the corresponding terms 
in (III.18). It is sufficient to observe that 


2x 
&(—1) =| def(—ayr, —aqr, —agr) = 2nf (—ra) 
0 


and similarly 
® (1) — 2nf (ra). 


All the remaining terms of /(r, a, §) are gathered up in #(r, a, &): 


KF (r, a, §)=n([f (ra) — f(—ra)}In2|alr+ 


+ e[f (—ra) — f(ra)] $i (¢) + Yo (r, a, 6), (III. 22) 
where 
di(= | 9 (2) In(e—2)ds (111.23) 
and = ; 
Ye(r, a, ty J EE) gy, (IIT. 24) 


=) 


The behavior of the functions 4, (t) and 4.(r, a, t) is easy to deduce. Thus 
we have the estimates 


Il < C+ fei’; (111.25), 
Ih (¢+A)—f (|< Cla; O<vl,; (III.25)y 
and 
l¥e(r, a, t)| < Cre; (III. 26), 
(a 

lhe (r, a, t+ A)—do(r, a, t)] < Crh a] ?. (III. 26), 

The estimate (III.25) follows for |t]>2 from the simple estimate for Inz 

1 \3 

IInz| <C(jzi+ 77), (III.27) 


where 5>0 is, as uSual, an arbitrarily small number. When|t!<2, we 
may once more integrate (III.23) by parts and make use of the boundedness 
of »”’(s). The estimate (III.26) follows from (III.17), (III.10) and Privalov's 
lemma as Stated in Appendix I. 

Let us write down all the remaining estimates for the functions that 


occur in #(r, a, &). We estimate the Hélder differences with index 5 Since 


this index appears already in (III.26)5. It follows from (III.27) and the 
formula for finite increments that 


1 1 
[In 2] a|ri=|In2-+Inlaj+inr| <OR*(— y+ 3); (11I.28), 
fis) 
pel Ael 1 
[In 2{a| (r+ 4) — In 2|alr| < CR°-—-— _; O<[4|< or; (III. 28), 
$48 
2 
r 
ia 
Jal * 
|\In2|a+h|r—In2|a|r| <CR® * ., (III. 28), 
— + 
la + 6h|? 
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Further, we find from (III.2) that 


| f (ra) — f((r + 4) a)| < Cl AP; (III. 29), 
I f(r (4 + h)) — f (ra) | < Cr? m (III. 29 )5 
jal? 


To See how the Second of these eStimates iS derived, note that by (III.2) we 
have 


ad 
ath a + ath a |" 
f(r 2S 5-)— Hr 727) | < or lath| fall ° 
The last factor may be eStimated as follows 
at+h_ a a ath 1 1 [A| 
la--hk| lal |< fal fel [+la+h lal lara exe lal’ 
which implies (III. 29 )v. 
The function f(ra) occurs in (III.22) through 
g(r, a) =f (ra) — f(—ra). 
Applying (III.2) and (III.29), we obtain for g(r, a) the estimates 
le (r,a)| < Crt; (111.30), 
far asta 1 
lg(r+A, a)—g(r,a)|<Cr?|A\|?; lAl<gn (111.30), 
cad 
ial |A\? 
lg(r,a+h)— g(r, a)|<Cr° : (III. 30); 
Ja\? 


Finally, $e(r, a, t) is for fixed t a Hélder function of r and a with some index 
Smaller than p, and with the Same eStimating functions aS @(s, r, a), whence 


i 
Ide (r-+ A, a, t)—$(r, a, t)| <C]4|?; (111.31), 
* 
es [Al ? 
lYe(r, a+h, t)— f(r, a, NaC (111.31), 
la+6h|* 


The eStimates (III.21) follow from the preceding estimates for all the 
functions entering in (III.22) and from the estimates (III.19). For example, 
the estimates (III.28), , (I11.30),,.(III.25),, (III.19)4 and (III.26), give 
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r? 
| P(r, a, &) | <CR® laps (III. 32) 


Setting here r= +, we get (III.21),.. In order to derive (III.21),, we con- 
Sider the two cases: 


1 
1. |A|<or. We apply (IIT.28),, (I1.28),, (111.30), (III.30)2, (11.25), 
(I11.25)g, (I11.31),, (111.26)o, (III.19)9, and obtain 


wl 


e. 3h 
+CR* |A|? <CR 4 


|a| || 


p 
a ca | A| 


» 
| P (r+ A, a, £) —P(r, a, —)| <CR? 


vol 
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1 
2. |A|> ae We separately estimate (r+ 4, a, &) and #(r, a, £) accord- 


ing to (III.32), set 8= oa and obtain 
p. 


f Ir+ Al? +r 
| P(r -+ A, a, §) —P(r, a, E)| < CR?” ee ee < CR 
jal ° | a| 


aan Riad 
2 


2 | A| 


wl F 


which proves (III.21)g. The remaining eStimates are derived analogously. 
This completes the proof, 
It is characteristic of the estimates (III.21) that the estimating functions 
do not depend on r._ It is therefore not difficult to estimate the integral 
r d 
rar 
F (a, €, v=] ay P(r, 8) (11.33) 
which upon Substituting r2=t assumes the form 


r d 
F(a = | sor Fit a, 8), 
where 
Sore, a,t). t>0, 


F (t, a, o-| 
0, *<0, 


is a Hélder function of t with index f, and vanishes for |t|>CR. Apply- 


ing the lemma on Singular integrals, we obtain for this integral the esti- 
mates of Lemma 6.2. The integral over r, containing the logarithmic 
terms of (III.20), may be converted to the form (6.23) by appropriately sub- 
Stituting r’=-—,r. It is not difficult to see that all the constants in the 
eStimates of the type (III.21) may be taken proportional to EF lhes where 


|f (k + h) — f (&)| 
UF a= sup {IF 1+ EEE Y, 


which explains the presence of this factor in the eStimates of the function @, 
This ties up the proof of Lemma 6,2. 


APPENDIX IV 
Remarks and references 


Introduction. We bring together here a few references to the literature 
on quantum mechanical scattering theory. The classical source for such 
references is the monograph by Mott and Massey /12/. The problems of 
scattering theory are treated in this book in the stationary formulation. The 
time-dependent formulation apparently has been first put forward by 
Mé¢lier /13/ in his papers, which constitute an extension of Heisenberg's 
Studies in the theory of the scattering operator, or S-matrix. The tech- 
nique developed by Mller was refined in the so-called formal theory of 
Scattering. A typical statement of this formalism is given, e.g., by Gell- 
Mann and Goldberger /14/. Ekstein /15/ specifically deals with the formal 
theory of Scattering for systems consisting of three or more bodies. This 
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paper also gives a procedure for the derivation of Stationary Solutions by 
means of a limiting process of transition from the complex plane in the 
kernel of the resolvent of the energy-operator. 

§1. The variables x, pin momentum Space, used throughout this book, 
are conjugate to the so-called Jacobi coordinates, which are frequently 
used for the description of a three-body system in configuration repreSen- 
tation. 

Let uS compare the conditions A, and B, which we impose on the po- 


tential v(k) in momentum representation with the conditions usually imposed 
on the potential é(xr) in configuration representation. A. Ya. Povzner /1/ 
assumes that 0(x) iS bounded and satisfies at infinity the estimate 


|o(x)| < Cl x], 


where a=3.5+¢e, ¢e>0. Ikebe /4/ reduces this to a=2-+€. It iS possible 
to formulate Sufficient conditions on d(r) to ensure that v(k) satisfy condi- 
tions A, and B,, but these turn out to be far Stronger than the above eSti- 


mate. Onthe other hand, this eStimate cannot be deduced from the condi- 
tions A», and B,, alone. Thus, the conditions which we use in this work 
differ from those uSually imposed on the potential in configuration repre- 
Sentation. That the estimates derived in the main text are compatible with 
them indicates the Suitability of these conditions for treatment in the 
momentum representation. 

§ 3. A Similar method to the one which we uSed for passing from equa- 
tion (3.8) to the system of equations (3.13), 1S known in physical literature. 
Watson /16/ called it the ''method of multiple scattering''. The ideas con- 
nected with this treatment of the integral equations of scattering theory have 
recently found application in the Solution of problems of Statistical physics 
(cf., e.g., /17/). The use of a system of equations of the type (3.13) for 
a rigorous mathematical investigation of the resolvent of the energy opera- 
tor of a three-body System has been put forward by the author /18, 19/. 

In /19/ there appears a proposition which is equivalent to Theorem 3.1. 

§ 4, In our Study of the integral equation (4.1) we first chose a Banach 
Space such that equation (4.1) should become in it an equation of the second 
kind with a completely continuous operator, and showed that the corres- 
ponding homogeneous equation has a nontrivial solution only for those values 
of the parameter z which are discrete eigenvalues of the energy operator 
under consideration. A Similar method was applied earlier by A. Ya. Pov- 
zner /1/ to the study of the integral equation for the kernel of the resolvent 
of an h-type operator in configuration representation. 

§§5, 9,11. The results concerning the behavior of the resolvent of the 
energy operator for a three-body system and the proof of the expansion 
theorem for the eigenfunctions of this operator are due to the author and 
were first published in /20/. 

The author has not Succeeded in proving that the eigenfunctions of the 
discrete spectrum H are Sufficiently smooth. Accordingly, it is an open 
question whether every Such function corresponds to a Solution of a homo- 
geneous equation of the type 


A(z)¥=0 


and whether all the eigenvalues of H_ have finite multiplicity. 
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We stress again that the assumption that the eigenvalues of the ''two-body" 
h,, «== 23, 31, 12, are negative is essential for the foregoing analysis. It is 
this circumstance that enables us to Separate So Simply the Singularities 
in the denominators. 

§ 7. Lemma 7.8 is analogous to Lemma 2 of Povzner's paper /1/. 

§10. Numerous mathematical papers deal with the existence of limits 
for t+ o for operators of the type 


exp {i At} exp (— iB t} 


under various conditions on A and B. The first of those seems to have 
been the work of Friedrichs /21/, subsequently continued by O. A. Lady- 
zhenskaya and the author /22/. Many references may be found in the review 
article by Kuroda /23/. 

§11. There exist in the literature several definitions of the S-matrix 
for multi-channel scattering (cf. e. g., /24/ and /25/). The definition 
adopted in this book was put forward by F. A. Berezin, R.A. Minlos and the 
author in a paper read at the Fourth All-Union Mathematical Conference 
held in Leningrad in June 1961, and is due to be published in the second 
volume of the proceedings of this conference, 


BeatriceGloria_personal library 
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